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PREFACE

Our intention in this mongraph is to survey a number of topics related to the study of the

continuity and differentiation properties of real functions, in certain generalized senses. There is

now a relatively large literature devoted to such subtle concerns but which is accessible and

known only to specialists. Since the ideas are essentially simple and the techniques required

fairly elementary this literature should be easily absorbed by any interested mathematician, and it

is hoped that the presentation here is sufficiently readable and the exposition adequately clear for

this purpose.

Probably the reader needs only a famil iarity with the usual basics of real analysis (measure,

category, density, erc.) in order to follow the arguments. This material is readily available in a

variety of textbooks. A better preparation would be to master the books

SvSaks , Theory of the integral,

and

A.M.Bruckner, Differentiation of real functions,

(references [33] and [209] in the bibliography) that most analysts who work in this particular

set of topics would surely consider fundamental to our subject. The present monograph continues

certain concerns that arise in each of these works.

Part of this material was presented in a series of seminars at the University of California at

Santa Barbara in the spring of 1984, during the special year in Real Analysis that was held there.

I am particularly grateful and certainly indebted to the participants in that seminar who offered

much helpful criticism and indicated numerous improvements. What remains is, doubtless, flawed

but much less so than it would have been without the opportunity to meet with so many fine

analysts.

In the first chapter is presented a general structure (called here a local system of sets) that

can be used to formulate a variety of general notions of limit, continuity, derivative, etc. for real

functions. The reason we have chosen this abstract framework is to enable us to clarify and

codify the type of arguments that appear in the study. The greater generality itself is not of much

interest; the real intention is to lay bare the underlying analysis. Thus it will appear that almost

all of the arguments used in the subject reduce to a few general themes, most not ablv " intersec

tion condit lons" and various thickness conditions (porosity and density usually). All the basic

concepts and arguments to be used in the rest of the work are introduced in the first chapter.

The second chapter is a review of the classical material on real cluster sets, from the perspec

tive established in the first chapter. Again the basic arguments here, and elsewhere, will involve

appropriate intersection conditions. This cluster set material is attractive and elementary, but

does not seem to have been presented in any text to date leaving the interested reader to search

through a large number of early references. By restricting ourselves to real cluster sets (i.e.

cluster sets for functions of one real variable) we can present an apparently complete survey of

the known results.
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Chapter three contains a brief account of some general notions of continuity for real

functions.

Chapter four gives an introduction to the notion of total variation for a real function. This

presentation allows us to include some very classical material on functions of bounded variation,

VBG. functions, singular functions, Lebesgue-Stieltjes measures, etc. from a perspective that is

not well known and which allows a unified and simple treatment of some apparently diverse ideas.

In Chapter five we have given an account of several classes of monotonicity theorem. This

should perhaps be read in conjunction with a study of Chapter X I of Bruckner's monograph

([33,pp.173-198]) •

Chapters six and seven are devoted to a number of questions whose theme is the relationship

that must hold among different types of general ized derivatives. This includes the well-known

Denjoy-Voung-Saks theorem and a variety of lesser known variants, both classical and recent.

Finally an Appendix is included that contains a survey on the notion of set porosity. This

material too is not well known and can be found, so far, only scattered in the literature. As

porosity computations and language appear in many instances in real analysis, this material should

be of some use either as a point of reference or as an introduction to the concepts.

There are many more topics that could have been included and which would fit naturally within

the framework that we are using. The properties of derivatives and extreme derivates in a gener-

alized sense are currently being studied by some researchers. However this appears still to be in

the early stages of development and we have chosen not to report on it. The interested reader

should consult the article Bruckner, O'Malley and Thomson [43].

The bibilography contains many articles related to our concerns here, even if not expl icitly

discussed. It should not be considered complete, however, and the authors whose works I have not

mentioned will forgive my oversight.

The notation used is mostly standard nowadays. Thus A u B, A n B, and A \ B denote the

usual union, intersection and difference of the sets A and B, while R denotes the set of real

numbers and A the closure of the set A in R. However the peculiarities of the word processor

have led to the somewhat old fashioned notation

n n

L Ak and TT Ak
k=m k=m

for the union and intersection of a sequence of sets {Ak}' This notation should present no diffi-

culties. Other special notations are explained in the text and may be found in the index.

VancouverBsC, , 1985 B.S.T.



CONTENTS

CHAPTER ONE: LOCAL SYSTEMS

§1.
§2.
§3.
§4.
§5.
§6.
§7.
§S.
§9.
§10.
§11.
§12.
§13.
§14.
§15.
§16.
§17.
§18.
§19.

Introduction. • 1
Local svs t erns , .. 2
Partial order. .. 5
Dual systems. .. 7
Filters. .. 10
Limits of interval functions. .. 12
Derivates and derivatives. .. 14
Convergent interval functions. .. 16
Topological limits. .. 18
Systems based on a closure operator. • ••••••••••••••••••••••••••••• 19
Ne g l igent limits. • •••••••••••••••••••••••••••••••••••••••••••• 21
Density systems. • •••••••••••••••••••••••••••••••••••••••••••• 22
Miscell aneous limits. '" ••••••••••••••••••••••••••••••••••••••••• 24
Path approach. • •••••••••••••••••••••••••••••••••••••••••••••• 27
Intersection conditions. • •••••••••••••••••••••••••••••••••••••• 31
S-cove rs. • ••••••••••••••••••••••••••••••••• '" •••••••••••••••• 35
Variation of a function. • ••••••••••••••••••••••••••••••••••••••• 38
The variational measure. • •••••••••••••••••••••••••••••••••••••• 40
The increasing sets property. "' •••••••••••••••••••••••••• "' •••••••• 41

CHAPTER TWO: CLUSTER SETS

§20. Introduction. • •••••••••••••••••••••••••••••••••••••••••• "' •••• 44
§21. S-cluster sets. • •••••••••••••••• "' ••••••• "' •• '" "' •••••••••••• "' •• "'. 44
§22. Elementary theorems for cluster sets. • •••••••••••••••••••••••••••• 47
§23. S - derived set. • •• '" •••••••••••••••••••••••• '" ••••••••• '" '" '" ••••• 50
124. Weak continuity theorems. • ••••••••••••••• '" ••••••••••••• '" • '" ••••• 53
§25. Asymmetry theorems. • ••••••••••••••••••••••••••••••••••••••••• 56
§26. Young's Rome theorem. • •••••••••••••••••••• '" •• '" ••••••••••••••• 60
§27. Ambiguity theorems. • ••••••••••••••••••••••••••••••••••••••••• 62
§28. Essential asymmetry. • ••••••••••••••••••••••••• '" "' •••••••••••••• 64
§29. Density cluster sets. • ••••••••••••••••••• "'•••••••••••••••••• "' •• 67

CHAPTER THREE: CONTINU ITY

§30. Introduction. • ••• '" "' •••••••••••••••••••••••••••••••••••••••••• 70
§31. S-continuity. • ••••••••••••••••••••••••••••••••••••••••••••••• 70
§32. S-discontinuities. • •••••••••••••••••••••••••• "' •••• "' ••••••••••• 73
§33. Baire 1 functions. • •••••••••••••••••••••••••••••••••••••••••• 74
§34. Negligent continuity. "' •••••••••••••••••••••••••••••••••••••••• 78
§35. Continuity relations. • ••••••••••••••••••••••••••••••••••••••••• 80



VI

CHAPTER FOUR: VARIATION OF A FUNCTION

§36. Introduction. • ••••••••••••••••••••••••••••••••••••••••••••••• 85
§37. Elementary properties. • 86
§38. Variational estimates. • 87
§39. Finite variation. • 90
§40. a -finite variation. • 93
§41. TheVitali theorem. • 96
§42. Derivates and variation. • 98
§43. Further measure estimates. • ••••••••••••••••••••••••••••••••••• 100
§44. The Lebesgue-Denjoy-Lusin theorem. • ••••••••••••••••••••••••••• 103
§45. Absolute continuity. • •••••••••••••••••••••••••••••••••••••••• 105
§46. De la Va l l ee e Pous s irt decomposition theorem. • ••••••••••••••••••••• 106
§47. Singular functions. • ••••••••••••••••••••••••••••••••••••••••• 108

CHAPTER FIVE: MONOTONICITY

§48. Introduction. • "' 115
§49. Local monotonicity. .. 115
§50. Generalized local monotonicity. • •••••••••••••••••••••••••• 117
§51. Relative monotonicity. • •••••••••••••••••••••••••••••••••••••• 120
§52. Further relative monotonicity theorems. • ••••••••••••••••••••••••• 123
§53. Relative monotonicity (cont s ) , • •••••••••••••••••••••••• 129
§54. Global monotonicity theorems. • •••••••••••••••••••••••• 130

§55. Applications. • •• ,. ••• ,. ••• "' •• '" "'... • ••• "' •• '" "'. '" "'. "'. "' •• "'. '" "'. "'. 133
§56. The Goldowski-Tonelli theorem. • •••••••••••••••••••••••• 137

CHAPTER SIX: RELATIONS AMONG DERIVATES

§S7. Introduction••• "' •••••••• "' •• "' ••••••• "' •••••••••••••••••••••••• 138
§58. Elementary relations. • ••••••••••••••••••••••••••••••••••••••• 139

§59. Beppo Levi theorem. • ••••••••••••••••••••••••••••••• '" '" •• '" '" • "'. 143
§60. Order relation for the negligent Dini derivates. • •••••••••••••••••••• 145
§61. A further order relation. • ••••••••••••••••••••••••••••••••••••• 146
§62. Wardtstheorems ••••••••••••••••••••••••••••••••••••••••••••• 147
§63. Zaj.cekfs relations. • ••••••••••••••••••••••••••••••••••••••••• 149
§64. Theoremof W.H.Young. • •••••••••••••••••••••••••••••••••••••• 151
§65. The porosity relations. • ••••••••••••••••••••••••••••••••••••••• 155
§66. Evans-Humke theorem. • •••••••••••••••••••••••••••••••••••••• 158
§67. Denjoy/Khintchine/Burkill/HaslamJones theorem. • ••••••••••••••••• 160
§68. Generalized Young-Evans-Humke theorem. • ••••••••••••••••••••••• 160
§69. Relations with the approximate derivative. • ••••••••••••••••••••••• 162

CHAPTER SEVEN: THE DENJOY-YOUNG RELATIONS

§70. The Denjoy- Young - Saks theorem. • • • • • • • • • • • • • • • • • • • • • • • • • • 166
§71. ProofoftheDYStheorem. •••••••••••••••••••••••••••••••• 167
§72. The approximate version. • ••••••••••••••••••••••••••••••••••••• 170
§73. a-porousversion •••••••••••••••••••••••••••••••••••••••••••• 176
§74. The sharp version. • ••••••••••••••••• III III III III • III ••••••••.••••••• III ••• 178
§75. DYS for the negligent Dini derivatives. • •••••••••••••••••••••••••• 179



VII

APPENDIX:SET POROSITY

§A1
§A2
§A3
§A4_

§AS

§A6
§A7_

§A8_

§A9
§A10
§A11

Introduction. • .
Basic definitions. .. .
Elementary prope r t ies, .. .
(J -porous sets. .. ..
Porosity lemmas. .. ..
Zahorski's porosity de r iv a t iv e , _ _

,-porosity. .. ..
a -(..p )-porosity. .. ..
Porosity and Hausdorff me a s u re , _ _

A further porosity lemma. .. ..Symmetric perfect se t s , _ _

183
183
187
189
191
194
197
200
202
203
20S

REFERENCES

L1STOF SPECIAL SYMBOLS

INDEX

213

226

227


