Mikhail Korobkov ¢ Konstantin Pileckas
Remigio Russo

The Steady Navier-Stokes
System

Basics of the Theory and the Leray Problem

Birkhauser



Mikhail Korobkov Konstantin Pileckas

School of Mathematical Sciences Faculty of Mathematics and Informatics
Fudan University Vilnius University
Shanghai, China Vilnius, Lithuania

Sobolev Institute of Mathematics
Novosibirsk, Russia

Remigio Russo

Societa Nazionale di Scienze, Lettere e Arti
in Napoli

Naples, Italy

ISSN 2297-0320 ISSN 2297-0339  (electronic)
Advances in Mathematical Fluid Mechanics
ISBN 978-3-031-50897-4 ISBN 978-3-031-50898-1 (eBook)

https://doi.org/10.1007/978-3-031-50898- 1

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer Nature Switzerland
AG 2024

This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether
the whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse
of illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and
transmission or information storage and retrieval, electronic adaptation, computer software, or by similar
or dissimilar methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors, and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

This book is published under the imprint Birkhduser, www.birkhauser-science.com by the registered
company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

Paper in this product is recyclable.


https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
https://doi.org/10.1007/978-3-031-50898-1
www.birkhauser-science.com
www.birkhauser-science.com
www.birkhauser-science.com
www.birkhauser-science.com

Contents

1 Preliminaries

1.1

1.2

1.3

1.4
1.5

1.6

1.7

L.I.T  Basic NOtationS .......uveeeeiniiiie et
1.1.2  Elementary Inequalities .............ccooiiiiiiiiiiiiea...
Some Facts from Functional Analysis..........ccoovvviiiiiiinnnn...
1.2.1 Linear Operators in Banach and Hilbert Spaces .............
1.2.2 Results on Nonlinear Operator Equations....................
Holder and Sobolev Function Spaces...........o..vvuvuviiiininnnnnnn.
1.3.1 HOIder Spaces ........ovvviiiiiiiiiiiiiiiiiiiiiiiiiiiiieees
1.3.2 Boundaries ......oovueuiiieeiii e
1.3.3  SobOlev SPaces ......vvviiiiiiiiiiiiii s
Weakly Singular and Singular Integral Transforms in L?-Spaces ..
Some Facts from Topology and Geometric Measure Theory........
151 Definitions ...coeernnnniiiet i
1.5.2 Properties of Planar Continuous Functions:

Kronrod’s Graph..........ooooiiiiiiiiiiiiiiiiiiiiiiee
1.5.3 Hausdorff Content, Measure, and Dimension................
1.5.4 Fine Properties of Sobolev Functions ........................
1.5.5 CoareaFormula...........coooiiiiiiiiiiiiiiiiiiiiiiii e,
On Morse-Sard and Luzin N-Properties of Sobolev
Functions from W2T(R2) ..o
1.6.1 The Proof of the Morse—Sard Theorem: Preliminaries ......
1.6.2  On Images of Sets of Small Hausdorff Contents ............
1.6.3 Proof of the Morse—Sard Theorem: Main Part...............
Selected Topics from Harmonic Analysis ...........ccccovvuuvee....
1.7.1 Stein’s Regularized Distance ................cccvviiiee...
1.7.2 Hardy’s Space HYR™), BMO(R") Spaces, and

Their Basic Properties.............cccoviiiiiiiiiiiiiii ..
1.7.3 The Div—Curl Lemma ............ccoiiiiiiiiiiiiiiiii...

Basic Notation, Elementary Inequalities, and Auxiliary Results....

N L = = —

11
11
12
13
23
25
25

XV



XVi

Contents
1.8 Spaces of Divergence-Free Vector Fields.......................o.... 52
1.8.1 Basic Definitions .........ccoviiiiiiiiiiiiiiiiiii e, 52
1.8.2  Some Problems of Vector AnalysiS............ccceevviunnn... 55
1.8.3 Spaces of Divergence-Free Vector Fields .................... 73
1.8.4 About Problem I in Lipschitz Domains ...................... 78
1.8.5 Helmholtz—Weyl Decomposition ...............cccevviunn... 80
1.8.6 The Normal Trace .........ccoovviiiiiiiiiiiiiiiiiiiiee... 81
1.9  Basic Results on Elliptic Equations...............ooceeiiiiiiieo... 85
1.9.1 The Maximum Principle for Elliptic Equations.............. 85
1.9.2  Properties of Harmonic Functions............................ 88
1.9.3 ADN-Elliptic Boundary Value Problems..................... 90
L.10 Chapter NOES .. ..vueieeeei et e 93
Stokes Problem ........ ... 99
2.1 Definitions of Weak Solutions ............cccevviiiiiiiiiiiiiiea... 99
2.2 Existence and Uniqueness of Weak Solutions........................ 102
2.3 The Case of Nonhomogeneous Boundary Conditions ............... 104
2.4  Regularity of Weak Solutions ............ccoeeviiiiiiiiiiiiiiien... 107
2.4.1 Interior Regularity ..........ccoouuuuuuiiiiiiinanns 107
2.4.2 Regularity Up to the Boundary ..................cooiiiit. 114
2.5 ADN-Ellipticity of the Stokes System and Local Estimates......... 125
2.6 The Stokes Operator.......covviiiiiiiiiiiiiiieiieiieeeeeeeeeeeeeeannn, 135
2.7 Chapter NOteS .ottt ettt e 139
The Stationary Navier—Stokes Problem in Bounded Domains.......... 141
3.1  The Stationary Navier—Stokes Problem with Homogeneous
Boundary Conditions .................uuuuuuuuunninnan, 141
3.1.1 Existence of Weak Solutions...............occeevviiiiieo... 141
3.1.2  Uniqueness of Weak Solutions ............ccoevvviviiinn... 147
3.2 Stationary Navier—Stokes Problem with Nonhomogeneous
Boundary Conditions .................uuuueuuuuunnnna. 149
3.2.1 Formulation of Leray’s Problem.............................. 149
3.2.2  Uniqueness of “Small” Solutions............ccooevvvvveenn... 153
3.2.3 Example of NONUNIQUeNEess ........ovvvvviiiieieiieeeeeeeennn. 154
3.2.4 Regularity of Weak Solutions...........ccooevviiiiiiiiinn... 159
3.2.5 Ecxistence of the Solution: General Scheme.................. 163
3.3  Hopf’s Lemma and Its Applications ................oovvvvviieeennn... 167
3.3.1 The Case of Stringent Outflow Condition.................... 167
3.3.2  CountereXample .........oveiiiiiiiiiiiiiiiiieiieaas 171
3.4 Method of Proving an A Priori Bound by Contradiction ............ 172
3.5  Existence of Solutions for Small Data..........................oo. .. 181

3.0 Chapter NOteS oottt e 183



Contents XVii

4 The Case of Symmetric Two-Dimensional Domains: General

Outflow Condition ...............oo i 187
4.1  Hopf’s Lemma in a Symmetric Planar Domain...................... 187
4.2 Proof of the A Priori Estimate by Contradiction in a
Symmetric Planar Domain ..............oooooiiiiiiiiiiiiii 201
4.3  Notes forthe Chapter............coooeiiiiiiiiiiiiii i, 203
5 The Case of General Two-Dimensional Domains and General
Outflow Condition ...............o i 205
5.1  Formulation of Main ResultS..............cccooiiiiiiiiiii .. 206
5.2 On Uniform Convergence of the Bernoulli Pressure on
AIMOSt Al CUIVES .. .eveeeeiee e 209
5.3 Obtaining a ContradiCtion ............ovviiiiiiiiiiiieiiieieiaeaeann. 213
5.3.1 Case (a) (the Maximum of & Is Attained on the
Boundary 082) ... 213
5.3.2 Case (b) (the Maximum of @ Is Not Attained at 952)...... 223
5.4 Some Properties of Weak (Sobolev) Solutions to Euler
EqUuations .....cooviiiiiiii 225
5.4.1 Continuity of the Pressure ..............coovviiiiiiiiinnnnnn. 225
5.4.2 BernoulliLaw ... 226
5.4.3 Weak Maximum Principle for Bernoulli Pressure .......... 230
5.5  An Original Proof of the General Existence Theorem................ 239
5.5.1 The Maximum of @ Is Attained on the Boundary 952 ...... 242
5.5.2 The Maximum of @ Is Not Attained on the
Boundary 082 ... 246
6 The Case of Axially Symmetric Three-Dimensional Domains .......... 249
6.1  Formulation of the Problem .................cooiiiii ., 249
6.2  Some Properties of Axisymmetric Solutions to Euler
EqQUations .........ue 252
6.3  Bernoulli Law for Weak Axisymmetric Solutions to the
BUler SyStem ... ... 255
6.4 Obtaining a ContradiCtion ............oovvviiiiiiiiiiniiiinneeeeaenn. 265
6.4.1 The Case eSSSUP D (X) = POvrreerrrreeinrreeinerennenannnnn. 266
xXeR
6.42 The Case pg < py = €SSSUPDP(X) vevvvvvevnninenninannnn.. 267
xesf2
643 TheCaseesssup@(X) > MaAX Pj cooevriiiiinininininnns 272
xef? Jj=0,....N
6.5  Appendix A ..o 273
6.6 Appendix B ... 275

Ref@IrenCeS . ...t 279



	Preface
	Abstract
	Contents



