
 

 

 
 

 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
Birkhäuser Verlag 
Basel • Boston • Berlin 



Authors’ address:  
 
Koen Thas 
Ghent University 
Department of Pure Mathematics and 
Computer Algebra 
Galglaan 2 
9000 Ghent 
Belgium 
e-mail: kthas@cage.rug.ac.be 

 

 
 
 
2000 Mathematical Subject Classification 51E12; 05B25, 05B40, 05E20, 
20B25, 20E42, 51A05, 51A10, 51A20, 51A45, 51E14, 51E20 
 
 
 
 
A CIP catalogue record for this book is available from the  
Library of Congress, Washington D.C., USA 
 
 
Bibliographic information published by Die Deutsche Bibliothek Die Deutsche 
Bibliothek lists this publication in the Deutsche Nationalbibliografie; detailed 
bibliographic data is available in the Internet at  
<http://dnb.ddb.de>. 
 
 
ISBN 3-7643-6158-1 Birkhäuser Verlag, Basel – Boston – Berlin  
 
 
This work is subject to copyright. All rights are reserved, whether the whole or 
part of the material is concerned, specifically the rights of translation, reprinting, 
re-use of illustrations, recitation, broadcasting, reproduction on microfilms or in 
other ways, and storage in data banks. For any kind of use permission of the 
copyright owner must be obtained.  
 
 
© 2004 Birkhäuser Verlag, P.O. Box 133, CH-4010 Basel, Switzerland 
Part of Springer Science+Business Media 
Cover design: Birgit Blohmann, CH-8045 Zürich, Switzerland 
Printed on acid-free paper produced from chlorine-free pulp. TCF ∞ 
Printed in Germany  
ISBN 3-7643-6158-1 
 
9 8 7 6 5 4 3 2 1       www.birkhauser.ch 



Contents

Introduction xiii
Lenz-Barlotti-Type Classifications and Symmetry . . . . . . . . . . . . . xiii
Organization of the Book . . . . . . . . . . . . . . . . . . . . . . . . . . xviii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

1 Finite Generalized Quadrangles 1
1.1 Standard Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Automorphisms of Finite Generalized Quadrangles . . . . . . . . . 3

1.2.1 Automorphisms . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.2 Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Subquadrangles of Generalized Quadrangles . . . . . . . . . . . . . 4
1.4 Triads, 3-Regularity, Regularity and Property (G) . . . . . . . . . 5

1.4.1 Triads and centers . . . . . . . . . . . . . . . . . . . . . . . 5
1.4.2 Antiregularity and regularity . . . . . . . . . . . . . . . . . 6
1.4.3 3-Regularity, subGQ’s and a useful theorem . . . . . . . . . 7
1.4.4 Property (G) . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 The Classical and Dual Classical Generalized Quadrangles . . . . . 8
1.5.1 The classical and dual classical generalized quadrangles . . 8
1.5.2 Combinatorial properties of the thick classical and dual

classical generalized quadrangles . . . . . . . . . . . . . . . 9
1.6 Generalized Quadrangles with Small Parameters . . . . . . . . . . 10
1.7 Hyperovals, Ovals and Ovoids in Projective Space . . . . . . . . . 10
1.8 The T2(O) and T3(O) of Tits . . . . . . . . . . . . . . . . . . . . . 11
1.9 k-Arcs, Ovoids and Spreads in Generalized Quadrangles . . . . . . 12

1.9.1 k-Arcs, ovoids and spreads . . . . . . . . . . . . . . . . . . 12
1.9.2 Complete arcs in generalized quadrangles . . . . . . . . . . 13

1.10 Some Permutation Group Theory . . . . . . . . . . . . . . . . . . . 13

2 Elation Generalized Quadrangles, Translation Generalized Quadrangles
and Flocks 15
2.1 Elation Generalized Quadrangles and Translation Generalized

Quadrangles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15



viii Contents

2.2 4-Gonal Families and EGQ’s . . . . . . . . . . . . . . . . . . . . . 17
2.3 Characterizations of Abstract TGQ’s . . . . . . . . . . . . . . . . . 19
2.4 T (n,m, q)’s and Translation Duals of TGQ’s . . . . . . . . . . . . 23
2.5 Good Generalized Ovoids, Good TGQ’s . . . . . . . . . . . . . . . 25
2.6 q-Clans and Generalized Quadrangles . . . . . . . . . . . . . . . . 26
2.7 Some Flock Geometry (and Translation Planes) . . . . . . . . . . . 28

2.7.1 Flocks, flock generalized quadrangles and q-clans . . . . . . 28
2.7.2 Translation planes and semifield flock generalized quadrangles 29
2.7.3 Symplectic translation planes and spreads . . . . . . . . . . 29
2.7.4 Flocks and BLT-sets . . . . . . . . . . . . . . . . . . . . . . 29

3 The Known Generalized Quadrangles 31
3.1 The Classical and Dual Classical Examples . . . . . . . . . . . . . 31
3.2 The T2(O) and T3(O) of J. Tits . . . . . . . . . . . . . . . . . . . . 32
3.3 Generalized Quadrangles of Order (s − 1, s + 1) and (s + 1, s − 1) . 32

3.3.1 The GQ’s AS(q) of order (q− 1, q +1) of R. W. Ahrens and
G. Szekeres, q an odd prime power . . . . . . . . . . . . . . 32

3.3.2 The GQ’s S−
xy of order (q + 1, q − 1), q = 2h . . . . . . . . . 33

3.3.3 The GQ’s T ∗
2 (O) of order (q − 1, q + 1), q = 2h . . . . . . . 33

3.3.4 The GQ’s P(S, x) of S. E. Payne . . . . . . . . . . . . . . . 33
3.4 TGQ’s which Arise from Flocks (and their Translation Duals) . . . 34

3.4.1 Kantor semifield flock generalized quadrangles . . . . . . . 34
3.4.2 Roman generalized quadrangles . . . . . . . . . . . . . . . . 35
3.4.3 The (sporadic) Penttila-Williams generalized quadrangle . . 36

3.5 The Other Known Flock GQ’s of Order (q2, q), q Odd . . . . . . . 37
3.5.1 Classical: For all q . . . . . . . . . . . . . . . . . . . . . . . 38
3.5.2 FTW: For q ≡ −1 mod 3 . . . . . . . . . . . . . . . . . . . 38
3.5.3 K2/JP: For q ≡ ±2 mod 5 . . . . . . . . . . . . . . . . . . 39
3.5.4 K3/BLT: For q = 5e . . . . . . . . . . . . . . . . . . . . . . 39
3.5.5 Fi: For all odd q ≥ 5 . . . . . . . . . . . . . . . . . . . . . . 39
3.5.6 Pe: For all q ≡ ±1 mod 10 . . . . . . . . . . . . . . . . . . 40
3.5.7 LP: For all q = 3e . . . . . . . . . . . . . . . . . . . . . . . 40

3.6 Infinite Families of Flocks with q Even . . . . . . . . . . . . . . . . 40
3.6.1 The classical case . . . . . . . . . . . . . . . . . . . . . . . . 40
3.6.2 The FTWKB-examples, q = 2e, e odd . . . . . . . . . . . . 41
3.6.3 The examples of S. E. Payne, q = 2e, e odd . . . . . . . . . 41
3.6.4 The Subiaco and Adelaide geometries . . . . . . . . . . . . 41

4 Substructures of Finite Nets 43
4.1 Nets and Generalized Quadrangles with a Regular Point . . . . . . 43
4.2 Nets and Subquadrangles, and Applications . . . . . . . . . . . . . 44
4.3 Generalized Quadrangles with a Regular Point and Translation Nets 47
4.4 The Axiom of Veblen, P-Nets and Generalized Quadrangles . . . . 48



Contents ix

5 Symmetry-Class I:
Generalized Quadrangles without Axes of Symmetry 51
5.1 The Classical and Dual Classical Examples . . . . . . . . . . . . . 51
5.2 The GQ’s P(S, x) of S. E. Payne . . . . . . . . . . . . . . . . . . . 51
5.3 Regularity (for Lines) in the GQ’s P(S, x) . . . . . . . . . . . . . . 52
5.4 The Other Known (Non-Classical) GQ’s of Order (s, t) with t < s . 55

6 Symmetry-Class II:
Concurrent Axes of Symmetry in Generalized Quadrangles 57
Part (a): Symmetry-Class II.1 . . . . . . . . . . . . . . . . . . . . . . . . 59
6.1 Some Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
Part (b): Symmetry-Class II.2 . . . . . . . . . . . . . . . . . . . . . . . 61
6.2 Property (T) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
6.3 Property (T′) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.4 Divisibility Conditions for Generalized Quadrangles with Symmetry 64
6.5 Property (Sub) and Property (T) . . . . . . . . . . . . . . . . . . . 65
6.6 Property (T), Property (T′) and Property (G) . . . . . . . . . . . 67

6.6.1 Property (T), Property (T′) and Eggs . . . . . . . . . . . . 67
6.6.2 Flocks, Property (T) and Property (T′): Classification . . . 70

6.7 The General Problem . . . . . . . . . . . . . . . . . . . . . . . . . 71
6.8 Recollection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.9 Remark on the Structure of Certain Groups which Act on

Generalized Quadrangles . . . . . . . . . . . . . . . . . . . . . . . . 78
6.9.1 Definition of the closure . . . . . . . . . . . . . . . . . . . . 78
6.9.2 The structure of certain groups which act on generalized

quadrangles . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.10 Semi Quadrangles . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
Appendix: A New Short Proof of a Theorem of S. E. Payne and J. A. Thas 83

7 Symmetry-Class ≥ III:
Span-Symmetric Generalized Quadrangles 85
7.1 First Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
7.2 Span-Symmetric Generalized Quadrangles . . . . . . . . . . . . . . 86
7.3 Split BN-Pairs of Rank 1 . . . . . . . . . . . . . . . . . . . . . . . 88
7.4 Remarks about 4-Gonal Bases . . . . . . . . . . . . . . . . . . . . . 90
7.5 Perfect and Universal Central Extensions of Perfect Groups . . . . 90
7.6 SPGQ’s and Split BN-Pairs of Rank 1 . . . . . . . . . . . . . . . . 91
7.7 The Sharply 2-Transitive Case . . . . . . . . . . . . . . . . . . . . 94
7.8 Classification of SPGQ’s of Order (s, t), 1<s≤ t<s2 . . . . . . . . 97
7.9 On the Size of the Base-Group (General Case) . . . . . . . . . . . 98
7.10 SPGQ’s of Order (s, s2), s > 1: Determination of the Base-Group . 99
7.11 Construction of Subquadrangles . . . . . . . . . . . . . . . . . . . . 104
7.12 The Main Structure Theorem for SPGQ’s of Order (s, s2) . . . . . 105
7.13 Digression: Spreads in SPGQ’s . . . . . . . . . . . . . . . . . . . . 105



x Contents

7.14 The “Hole” in the Moufang Theorem . . . . . . . . . . . . . . . . . 106
7.15 Generalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

8 Generalized Quadrangles with Distinct Translation Points 109

8.1 The Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
8.2 Generalizations of Theorem 8.1.1 . . . . . . . . . . . . . . . . . . . 111

8.2.1 A useful lemma . . . . . . . . . . . . . . . . . . . . . . . . . 111
8.2.2 Regularity revisited . . . . . . . . . . . . . . . . . . . . . . 112
8.2.3 Classifications for generalized quadrangles . . . . . . . . . . 112

8.3 Reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

9 The Classification Theorem 115

9.1 The Classification Theorem . . . . . . . . . . . . . . . . . . . . . . 115
9.2 Symmetry-Class III . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

9.2.1 Symmetry-Class III.1 . . . . . . . . . . . . . . . . . . . . . 120
9.3 Symmetry-Class IV . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

9.3.1 Symmetry-Class IV.1 . . . . . . . . . . . . . . . . . . . . . 121

10 Symmetry-Class IV.3:
Translation Duals of TGQ’s which Arise from Flocks 123

10.1 TGQ’s which Arise from Flocks in Even Characteristic . . . . . . 124
10.2 Some Historical Notes . . . . . . . . . . . . . . . . . . . . . . . . . 124
10.3 Proof of the Main Theorem . . . . . . . . . . . . . . . . . . . . . . 125
10.4 TGQ’s for which the Translation Dual Arises from a Flock, and

Span-Symmetric Generalized Quadrangles . . . . . . . . . . . . . 127
10.5 Determination of Symmetry-Class IV.3 . . . . . . . . . . . . . . . 128
10.6 Isomorphisms of Subtended Ovoids in the TGQ’s (S(F)D)∗, F a

Semifield Flock . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
10.7 Translation Generalized Quadrangles with Isomorphic Translation

Duals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
10.8 Automorphism Groups Revisited . . . . . . . . . . . . . . . . . . . 132
10.9 Derivation of Semifield Flocks, BLT-Sets and Automorphisms . . 133
10.10 Configurations of Translation Points . . . . . . . . . . . . . . . . . 134
10.11 Symmetry-Class II.3 . . . . . . . . . . . . . . . . . . . . . . . . . . 134

11 A Characterization Theorem and a Classification Theorem 137

11.1 GQ’s of Order (s, s2) with s3 + s2 SubGQ’s of Order s Through
Some Fixed Line . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

11.2 A Classification Theorem . . . . . . . . . . . . . . . . . . . . . . . 138
11.3 Determination of Symmetry-Classes III.2 and III.3 . . . . . . . . . 141
11.4 Symmetry-Class IV.2 . . . . . . . . . . . . . . . . . . . . . . . . . . 141



Contents xi

12 The Symmetry-Class V 143

12.1 The Symmetry-Classes V.1, V.2 and V.4 . . . . . . . . . . . . . . . 144
12.2 Solution of a Conjecture of W. M. Kantor . . . . . . . . . . . . . . 145
12.3 Irreducible Groups of Generalized Quadrangles . . . . . . . . . . . 145
12.4 Symmetry-Class V.3: Grid-Symmetric Generalized Quadrangles . . 146
12.5 Symmetry-Class V.5 . . . . . . . . . . . . . . . . . . . . . . . . . . 148

13 Recapitulation of the Classification Theorem 155

13.1 The Classification Theorem, Second Version . . . . . . . . . . . . . 155
Symmetry-Class I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
Symmetry-Class II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
Symmetry-Class III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
Symmetry-Class IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
Symmetry-Class V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
Symmetry-Class VI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
13.2 GQ’s Having Both Centers and Axes of Symmetry . . . . . . . . . 159
13.3 Classification of Span-Symmetric Generalized Quadrangles . . . . . 160

14 Blueprint for the Classification of Translation Generalized Quadrangles 161

14.1 The Classification of Translation Generalized Quadrangles, I . . . . 161
14.2 Automorphisms of TGQ’s . . . . . . . . . . . . . . . . . . . . . . . 162
14.3 The Classification of Translation Generalized Quadrangles, II . . . 165
14.4 Corollaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

A Semi Quadrangles 171

A.1 Semi Quadrangles . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A.2 A Motivation for Introducing Semi Quadrangles . . . . . . . . . . . 174
A.3 Examples and Constructions of Semi Quadrangles . . . . . . . . . 175
A.4 Computation of Some Divisibility Conditions, Constants and

Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
A.4.1 Some generalities . . . . . . . . . . . . . . . . . . . . . . . . 178
A.4.2 An inequality for semi quadrangles . . . . . . . . . . . . . . 178
A.4.3 Some inequalities . . . . . . . . . . . . . . . . . . . . . . . . 181

A.5 Semi Quadrangles and their Point Graphs . . . . . . . . . . . . . . 182
A.6 Linear Representations . . . . . . . . . . . . . . . . . . . . . . . . . 183
A.7 Semi Quadrangles and Complete Caps of Projective Spaces . . . . 185
Addendum: Semi 2N -Gons . . . . . . . . . . . . . . . . . . . . . . . . . 187

B The Sizes of Some Groups and a Table of Schur Multipliers 189

B.1 A Table of the Sizes of Some Groups . . . . . . . . . . . . . . . . . 189
B.2 A Table of Schur Multipliers . . . . . . . . . . . . . . . . . . . . . . 189

Bibliography 193



xii Contents

Index 203

Explanatory Notation Index 211


