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Preface

This book is designed as a text for a first course on functional analysis for ad-
vanced undergraduates or for beginning graduate students. It can be used in the
undergraduate curriculum for an honors seminar, or for a “capstone” course. It can
also be used for self-study or independent study. The course prerequisites are few,
but a certain degree of mathematical sophistication is required.

A reader must have had the equivalent of a first real analysis course, as might
be taught using [25] or [109], and a first linear algebra course. Knowledge of the
Lebesgue integral is not a prerequisite. Throughout the book we use elementary
facts about the complex numbers; these are gathered in Appendix A. In one spe-
cific place (Section 5.3) we require a few properties of analytic functions. These
are usually taught in the first half of an undergraduate complex analysis course.
Because we want this book to be accessible to students who have not taken a course
on complex function theory, a complete description of the needed results is given.
However, we do not prove these results.

My primary goal was to write a book for students that would introduce them
to the beautiful field of functional analysis. I wanted to write a succinct book that
gets to interesting results in a minimal amount of time. I also wanted it to have the
following features:

o It can be read by students who have had only first courses in linear algebra and
real analysis, and it ties together material from these two courses. In particular,
it can be used to introduce material to undergraduates normally first seen in
graduate courses.

o Reading the book does not require familiarity with Lebesgue integration.
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It contains information about the historical development of the material and
biographical information of key developers of the theories.

It contains many exercises, of varying difficulty.

It includes ideas for individual student projects and presentations.

What really makes this book different from many other excellent books on the

subject are:

The choice of topics.

The level of the target audience.

The ideas offered for student projects (as outlined in Chapter 6).
The inclusion of biographical and historical information.

How to use this book

The organization of the book offers flexibility. I like to have my students present
material in class. The material that they present ranges in difficulty from “short”
exercises, to proofs of standard theorems, to introductions to subjects that lie
outside the scope of the main body of such a course.

Chapters 1 through 5 serve as the core of the course. The first two chapters
introduce metric spaces, normed spaces, and inner product spaces and their
topology. The third chapter is on Lebesgue integration, motivated by probability
theory. Aside from the material on probability, the Lebesgue theory offered
here is only what is deemed necessary for its use in functional analysis. Fourier
analysis in Hilbert space is the subject of the fourth chapter, which draws
connections between the first two chapters and the third. The final chapter of
this main body of the text introduces the reader to bounded linear operators
acting on Banach spaces, Banach algebras, and spectral theory. It is my opinion
that every course should end with material that truly challenges the students
and leaves them asking more questions than perhaps can be answered. The last
three sections of Chapter 5, as well as several sections of Chapter 6, are written
with this view in mind. I realize the time constraints placed on such a course.
In an effort to abbreviate the course, some material of Chapter 3 can be safely
omitted. A good course can include only an outline of Chapter 3, and enough
proofs and examples to give a flavor for measure theory.

Chapter 6 consists of seven independent sections. Each time that I have taught
this course, I have had the students select topics that they will study individ-
ually and teach to the rest of the class. These sections serve as resources for
these projects. Each section discusses a topic that is nonstandard in some way.
For example, one section gives a proof of the classical Weierstrass approxima-
tion theorem and then gives a fairly recent (1980s) proof of Marshall Stone’s
generalization of Weierstrass’s theorem. While there are several proofs of the
Stone—Weierstrass theorem, this is the first that does not depend on the classi-
cal result. In another section of this chapter, two arguments are given that no
function can be continuous at each rational number and discontinuous at each
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irrational number. One is the usual Baire category argument; the other is a less
well known and more elementary argument due to Volterra. Another section
discusses the role of Hilbert spaces in quantum mechanics, with a focus on
Heisenberg’s uncertainty principle.

o Appendices A and B are very short. They contain material that most students will
know before they arrive in the course. However, occasionally, a student appears
who has never worked with complex numbers, seen De Morgan’s Laws, etc. I
find it convenient to have this material in the book. I usually spend the first day
or two on this material.

o The biographies are very popular with my students. I assign each student one
of these (or other) “key players” in the development of linear analysis. Then, at
a subject-appropriate time in the course, I have that one student give (orally) a
short biography in class. They really enjoy this aspect of the course, and some
end up reading (completely due to their own enthusiasm) a book like Constance
Reid’s Hilbert [104].

Acknowledgments

Itis a pleasure to thank several people for their help with this project. My colleagues
David Bressoud and Joan Hutchinson gave advice and encouragement early in my
writing process. John Schue read an entire preliminary version, and I thank him for
his energy and many thoughtful comments. Per Enflo and Tom Kriete have helped
substantially with sections of the book, and I remain indebted to each of them
for their contributions. Thanks also go to Steve Abbott, Frédéric Gourdeau, Tom
Halverson, Michael Neumann, Karen Parshall, and Tom Ransford for valuable
conversations on different bits of the content of the book. My husband, Peter
Webb, gave emotional support and much needed help with TgX. Our children,
Julian, Alexander, and Zog, were wonderful during the final stages of this book;
they played for many long hours by themselves, and also pulled me away from
the computer when I really needed a break. Much of the writing of the book, and
general peace of mind, was achieved during a sabbatical in the spring of 2000
spent at the University of Virginia. I thank their mathematics department for its
hospitality.

This book has evolved from notes for a course that I have taught three times
over several years at Macalester. The students in those courses have motivated me
with their enthusiasm for the project. I thank them for their apparent eagerness to
read my sometimes not-so-polished notes, and for much help in sorting out good
exercise sets. It is fair to say that if it weren’t for my students, I would not have
written this book.

I welcome your comments, suggestions for improvements, and indications of
errors.

Karen Saxe

Macalester College
saxe@macalester.edu
April 2001



Contents

Preface
Introduction: To the Student

1 Maetric Spaces, Normed Spaces, Inner Product Spaces
1.1  Basic Definitions and Theorems . . . . .. ... ..... ...
1.2 Examples: Sequence Spaces and Function Spaces . . . . . . .
1.3 ADiscussion About Dimension . . . . ... ..........
Biography: Maurice Fréchet . . . . . .. ... ... .........
Exercises for Chapter1 . . . . . . .. ... ... ... ... .c....

2 The Topology of Metric Spaces

2.1  Open, Closed, and Compact Sets; the Heine-Borel and
Ascoli-Arzela Theorems . . .. ... .............

22  Separability . . ... ... ...

2.3 Completeness: Banach and Hilbert Spaces . . . . . . ... ..

Biography: David Hilbert . . . . . . . . .. ... ... ........

Biography: Stefan Banach . . . . . .. ... ... .. ... .. ...

Exercises for Chapter2 . . . . . . ... ... ... ... ...

3 Measure and Integration
3.1 Probability Theory as Motivation . . . . ... ... ... ...
3.2  Lebesgue Measure on EuclideanSpace . . . . ... ... ...
Biography: Henri Lebesgue . . . . . . . .. ... ... .......



X

Contents

33

34
3.5

3.6

Measurable and Lebesgue Integrable Functions on Euclidean
Space . . . . . ..
The Convergence Theorems . . . . . . .. ... ........
Comparison of the Lebesgue Integral with the Riemann
Integral . . . . ... .. ... . .. ...
General Measures and the Lebesgue L?-spaces: The
Importance of Lebesgue’s Ideas in Functional Analysis

Biography: FrigyesRiesz . . . . .. ... ... ... . ........
Exercises for Chapter3 . . . . . . ... . ... .. ... ...

Fourier Analysis in Hilbert Space

4.1

Orthonormal Sequences . . . . . . .. ... ..........

Biography: Joseph Fourier . . . . ... ... .............

4.2  Bessel’s Inequality, Parseval’s Theorem, and the Riesz—Fischer
Theorem . . . . .. ... ... ... ...,

4.3 A Return to Classical Fourier Analysis . . . ..........

Exercises for Chapter4 . . . . . . . . . . ... ... ...

An Introduction to Abstract Linear Operator Theory

5.1
52
53
54

Basic Definitions and Examples . . . . . .. . ... ......
Boundedness and Operator Norms . . . . ... .. ... ...
Banach Algebras and Spectra; Compact Operators . . . . . . .
An Introduction to the Invariant Subspace Problem . . . . . . .

Biography: PerEnflo . . . .. ... ... .. ... .. . ... ...

55

The Spectral Theorem for Compact Hermitian Operators

Exercises for Chapter5 . . . . . . . . . .. ... oo

Further Topics

6.1

The Classical Weierstrass Approximation Theorem and the
Generalized Stone—Weierstrass Theorem . . . . ... ... ..

Biography: Marshall Stone . . . . . .. ... ... ... . ...,

6.2

6.3
6.4
6.5
6.6

6.7

The Baire Category Theorem with an Application to Real

Analysis . . . . ... ... e
Three Classical Theorems from Functional Analysis . . . . . .
The Existence of a Nonmeasurable Set . . . . ... ... ...
ContractionMappings . . . . . . ... ... ... ... ...,
The Function Space C([a, b]) as a Ring, and its Maximal

Ideals. . . . . . . . . ... . . e
Hilbert Space Methods in Quantum Mechanics . . . . . . . ..

Biography: John von Neumann . . . . . . .. ... ..........
Exercises for Chapter 6 . . . . . . . .. ... . ... ...,

Complex Numbers
Exercises for AppendixA . . . ... ... ... ... ... ... ...

57
68
69

74
74
79

81
85
88

92
92
95
99
112
122
124
129

135

136
145

146
151
158
160

164
167
174
176

181



Contents Xi

B Basic Set Theory 185
Exercises for AppendixB . . . . .. .. ... o .. 186
References 187

Index 193



