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PREFACE

Where do solutions go, and how do they behave en route?
These are two of the major questions addressed by the qualita-
tive theory of differential equations. The purpose of this
book is to answer these questions for certain classes of equa-
tions by recourse to the framework of semidynamical systems
(or topological dynamics as it is sometimes called). This
approach makes it possible to treat a seemingly broad range
of equations from nonautonomous ordinary differential equa-
tions and partial differential equations to stochastic differ-
ential equations. The methods are not limited to the examples
presented here, though.

The basic idea is this: Embed some representation of the
solutions of the equation (and perhaps the equation itself)
in an appropriate function space. This space serves as the
phase space for the semidynamical system. The phase map must
be chosen so as to generate solutions to the equation from an
initial value. In most instances it is necessary to provide
a "weak" topology on the phase space. Typically the space is
infinite dimensional.

These considerations motivate the requirement to study
semidynamical systems in non locally compact spaces. Our
objective here is to present only those results needed for the
kinds of applications one is likely to encounter in differen-
tial equations. Additional properties and extensions of ab-
stract semidynamical systems are left as exercises. The power

of the semidynamical framework makes it possible to character-
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ize the asymptotic behavior of the solutions of such a wide
class of equations.

A caveat is in order. The stability results obtained in
many of the examples can be gotten directly without recourse
to the abstract semidynamical system setting. Moreover, in
some instances, sharper results can be obtained by utilizing
special techniques and methods suitably adjusted to that
particular equation. On the other hand, the generality of
the semidynamical system approach allows for a greater under-
standing of the unifying concepts running through all of the
examples.

The first three chapters are devoted to the theory of
semidynamical systems. Virtually all of the results hold for
a discrete time parameter as well as a continuous time para-
meter. Because of their simplicity some examples of discrete
semidynamical systems are included to illustrate the variety
of asymptotic behavior. The remainder of the book is devoted
to applications of the theory. The range of applications
reflects recent mathematical activity. The choice of examples,
though, reflects my interests and bias as well.

The presentation is meant to be self contained (except
for a few lapses in Chapters 4, 5, and 7, where references
are supplied). Appendices on functional analysis and probab-
ility are provided for this purpose. Definitions of terms
not found in the text can usually be found in one of the ap-
pendices. Each chapter concludes with a set of exercises and
a section called '""Notes and Comments.'" This provides the
reader with the source of the results of that chapter. It
also offers some commentary and related results. Most of the

source material is from the late 1960's and 1970's. The
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reader should be familiar with real analysis on the level of
Royden [1] and ordinary differential equations on the level

of Hirsch and Smale [1]. A little knowledge of partial diff-
erential equations in Chapter 5 and Markov processes in Chap-

ter 7 would be useful. The chapter dependence is as follows:

N e
7

5
6/

I want to acknowledge the contributions of many people.
The initial impetus for this book came from Nam Bhatia., Much
of the first chapter is based on his notes. Jim Yorke and
Wei Shaw read portions of the manuscript. I am grateful for
their helpful comments. Numerous colleagues have assisted me
through their participation in seminars based on this mater-
ial. Marshall Slemrod read the entire manuscript and pro-
vided invaluable suggestions which I feel improve the manu-
script. A number of reviewers and referees also provided
helpful criticisms and suggestions for improvement. Any re-
maining faults are mine.

The following people typed portions of the manuscript at
various stages of its evolution: Pam Lambert, Mary Beth
Minton, Nancy Dame, Carol Granis, and Susie Evers. Kate
MacDougall typed the final camera-ready copy. I am grateful
for their careful work and seemingly unbounded patience.
Thanks are also due to Leon Booth, former Dean of CAS, for
financial support in the preparation of the manuscript.

Fairfax, Virginia
August 1981 Stephen Saperstone



TABLE OF CONTENTS

CHAPTER I. BASIC DEFINITIONS AND PROPERTIES

[N N

w

1

OWOoO IOV
e e s e s s =

Introduction

Semidynamical Systems: Definitions and
Conventions

A Glimpse of Things to Come; An Example from a
Function Space

Solutions

Critical and Periodic Points

Classification of Positive Orbits

Discrete Semidynamical Systems

Local Semidynamical Systems; Reparametrization

Exercises

Notes and Comments

CHAPTER II. INVARIANCE, LIMIT SETS, AND STABILITY

NONUT RN
e e & s e e .

8.
9.
10.
11.

Introduction

Invariance

Limit Sets: The Generalized Invariance Principle

Minimality

Prolongations and Stability of Compact Sets

Attraction: Asymptotic Stability of Compact Sets

Continuity of the Hull and Limit Set Maps in
Metric Spaces

Lyapunov Functions: The Invariance Principle

From Stability to Chaos: A Simple Example

Exercises

Notes and Comments

CHAPTER III. MOTIONS IN METRIC SPACE

TP NN

Introduction

Lyapunov Stable Motions

Recurrent Motions

Almost Periodic Motions

Asymptotically Stable Motions

Periodic Solutions of an Ordinary Differential
Equation

Exercises

Notes and Comments

CHAPTER IV. NONAUTONOMOUS ORDINARY DIFFERENTIAL

(SN

EQUATIONS

Introduction

Construction of the Skew Product Semidynamical
System

Compactness of the Space #

The Invariance Principle for Ordinary
Differential Equations

Limiting Equations and Stability

Page

10
16
24
25
31
33

35

35
36
39
45
52
56

62
77
80
92
95

98

98
99
105
111
121

125
131
133
137
137

140
151

155
173



Table of Contents

CHAPTER IV (cont.)

WO 00 ~3 O
o v e .

Differential Equations without Uniqueness
Volterra Integral Equations

Exercises

Notes and Comments

CHAPTER V. SEMIDYNAMICAL SYSTEMS IN BANACH SPACE

N NN

[Yolie N |

Introduction

Nonlinear Semigroups and Their Generators

The Generalized Domain for Accretive Operators

Precompactness of Positive Orbits

Solution of the Cauchy Problem

Structure of Positive Limit Sets for Contraction
Semigroups

Exercises

Appendix: Proofs of Theorems 2.4 and 2.16

Notes and Comments

CHAPTER VI. FUNCTIONAL DIFFERENTIAL EQUATIONS

8.
9.

10.
11.

Why Hereditary Dependence, Some Examples from
Biology, Mechanics, and Electronics

Definitions and Notation: Functional Differential
Equations with Finite or Infinite Delay.
The Initial Function Space

Existence of Solutions of Retarded Functional
Equations

Some Remarks on the Semidynamical System Defined
by the Solution to an Autonomous Retarded
Functional Differential Equation: The
Invariance Principle and Stability

Some Examples of Stability of RFDE's

Remarks on the Asymptotic Behavior of
Nonautonomous Retarded Functional Differential
Equations

Critical Points and Periodic Solutions of
Autonomous Retarded Functional Differential
Equations

Neutral Functional Differential Equations

A Flip-Flop Circuit Characterized by a NFDE -
The Stability of Solutions

Exercises

Notes and Comments

CHAPTER VII. STOCHASTIC DYNAMICAL SYSTEMS

W

W oo~
e e & e s e

Introduction

The Space of Probability Measures

Markov Transition Operators and the Semidynamical
System

Properties of Positive Limit Sets

Critical Points for Markov Processes

Stochastic Differential Equations

The Invariance Principle for Markov Processes

Exercises

Notes and Comments

Page

189
192
202
205

209

209
212
225
231
244

253
270
273
279

283

283

285
292

303
312

326

330
337

351
360
365

369

369
370

371
374
378
380
384
389
392



Table of Contents

CHAPTER VIII. WEAK SEMIDYNAMICAL SYSTEMS AND

AN

[=))

PROCESSES

Introduction

Weak Semidynamical Systems

Compact Processes

Uniform Processes

Solutions of Nonautonomous Ordinary Differential
Equations Revisited - A Compact Process

Solutions of a Wave Equation - A Uniform
Process

Exercises

Notes and Comments

APPENDIX A

OO~V U O
“« e e s e e s e s e e

Preliminaries

Commonly Used Symbols
Nets

Uniform Topologies
Compactness

Linear Spaces

Duality

Hilbert Spaces

Vector Valued Integration
Sobolev Spaces

Convexity

Fixed Point Theorems
Almost Periodicity
Differential Inequalities

APPENDIX B

BN

5.

Probability Spaces and Random Variables

Expectation

Convergence of Random Variables

Stochastic Processes; Martingales and
Markov Processes

The Ito Stochastic Integral

REFERENCES

INDEX OF TERMS

INDEX OF SYMBOLS

Page

393

393
395
400
410

411

412
422
423

424

424
424
425
427
428
429
431
432
433
435
436
437
438
438

440
440
441
443

443
446

447
465

473





