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Preface to the English Edition

The method of difference potentials (MDP) was proposed in [1]-[8] and sig
nificantly developed in [9]-[101] and some other works.

The present book describes the current state of the art in the method
of difference potentials and is a revised and essentially supplemented version
of the author's first book devoted to this method, which was published by
"Nauka" in 1987 [100] .

This monograph deals with the MDP apparatus and several of its appli
cations, particularly to the following problems:

1. the numerical solution of interior and exterior boundary-value problems
for systems of partial differential equations;

2. the construction of conditions at the artificial boundary of the compu
tational domain, which equivalently replace the equations and conditions at
infinity in st ationary problems of gas flow past immersed bodies as well as in
some other steady-state problems;

3. the spectral approach to the construction of artificial boundary con
ditions replacing the equations of propagation of physical fields outside the
computational domain containing perturbation sources;

4. the construction of artificial boundary conditions on the boundary of
the computational domain for numerically solving the scattering problems in
large time in a neighborhood of a fixed or a moving scatterer;

5. the statement and solution of stationary mathematical problems of
the active shielding of a given subdomain from the influence of perturbation
sources located outside the screened subdomain.

The new possibilities provided by the method of difference potentials orig
inate from the fact that this method combines several advantages of the
classical Cauchy-type integral from the theory of analytic functions and the
universality of difference schemes.

The book can be useful to readers interested in different fields and pur
suing different goals .

To become acquainted with the method of difference potentials, it suffices
to read the contents and to study the introduction where the basic ideas,
constructions, and advantages of the method of difference potentials are dis
cussed and illustrated by model examples related to the Poisson equation.
This will give a full glimpse of the method of difference potentials.
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The reader who is interested in one of the above-listed problems or in any
other application studied in the book can pass , after the introduction, directly
to a corresponding chapter from Parts IV-VIII of the book. Each of these
parts contains the appropriate theoretical material from Parts I-III, which is
necessary for particular applications and is given without proofs in the most
convenient form . Parts I-III of the book are intended for the reader who
is interested in the general concepts of the method of difference potentials
and their theoretical justification, as well as in some new applications of the
method of difference potentials.

Moreover, Parts I-III can be of interest in themselves to specialists in the
field of the qualitative theory of partial differential equations and boundary
integral and pseudo differential equations. The point is that in these sections
of the book the potentials, projections, and boundary Calderon-Seeley equa
tions are modified. The author carried out these modifications and general
izations in order to obtain the differential closures of MDP constructions as
the grid step-size tends to zero. However, they are also meaningful beyond the
framework of MDP applications, just as concepts from the theory of partial
differential equations.

The studies described in the book were chiefly carried out at the M. V. Kel
dysh Institute of Applied Mathematics of the Russian Academy of Sciences,
which bears the name of its organizer, at the Department of Computation
al Mathematics of the Moscow Institute of Physics and Technology, at the
Mechanical Engineering Research Institute of the Russian Academy of Sci
ences, as well as at the Institute for Mathematical Modeling of the Russian
Academy of Sciences, at Tel Aviv University, and at ICASE, NASA Langley
Research Center.
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From the Preface to the Russian Edition
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thesis in 1969. In the succeeding years, the method of difference potentials
was significantly developed by the author and his pupils who were graduate
and postgraduate students at the Moscow Institute of Physics and Technolo
gy working under the author's guidance: A. Va. Belyankov, M. Yu. Lokhanov,
A. A. Reznik, 1. L. Sofronov, A. M. Fedorovskii, and D. 1. Yanushevich .

Valuable contributions to the development of the method of difference
potentials were made by L. V. Bad'in, R. 1. Veitsman, A. V. Voronkov,
A. V. Zabrodin, E. V. Zinoviev, M. 1. Lazarev, V. V. Ogneva, B. Z. Os
serovich , E. P. Sychugova, and V. 1. Turchaninov. The author wishes to thank
everyone who participated in this work.

The author is greatly indebted to K. V. Brushlinskii, L. P. Volevich,
G. P. Voskresenskii , V. F . D'yachenko, A. V. Zabrodin, Va. M. Kazhdan,
L. V. Kirillov, N. M. Korobov, O. A. Oleinik, G. P. Prokopov, Yu. B. Rad
yogin , S. S. Ryabin'kii, 1. D. Sofronov, R. P. Fedorenko, L. G. Khazin,
A. S. Kholodov, and N. N. Chentsov, and to all his colleagues and friends for
their interest in his work and their support.

The author also wishes to express his deep gratitude to the Corresponding
Member of the USSR Academy of Sciences K. 1. Babenko, the Correspond
ing Member of the USSR Academy of Sciences S. K. Godunov, Professor
O. V. Lokutsievskii , and Professor S. G. Mikhlin for their attention and sup
port.

The author is deeply indebted to Academician O. M. Belotserkovskii for
many useful discussions and his help in involving graduate and postgrad
uate st udents of the Moscow Institute of Physics and Technology in these
invest igations.

The author wishes to thank the Board of Directors of the Institute of
Applied Mathematics of the USSR Academy of Sciences, which nowadays
bears the name of M. V. Keldysh , where the author has carried out the bulk
of the research work presented in this monograph.



XII From the Preface to the Russian Edition

The author also wishes to thank Professor L. A. Chudov , who carefully
read the manuscript, for his useful remarks, which significantly improved the
book.

Moscow, 1987 The author



Contents

Preface to the English Edition , VII

From the Preface to the Russian Edition XI

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
0.1 Statement of Model Problems. . . . . . . . . . . . . . .. . . .. .. . . . .. . 3
0.2 Difference Potentials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
0.3 Solution of Model Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Part I. Justification of Algorithms of the Method
of Difference Potentials for Calculating
Numerical Solutions of Interior
Boundary-Value Problems
for the Laplace Equation

1. Preliminaries .... ...... . .. .. ... ... ... ..... .. .. . . ...... . .. . 37
1.1 Local Splines 37
1.2 Finite Fourier Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 40
1.3 Calculation of the Solution of a Difference Analog

of the Dirichlet Problem for the Poisson Equation
in a Square Region 41

1.4 Holder Spaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
1.5 Schauder and Thomee Estimates . . . . . . . . . . . . . . . . . . . . . . . . . 48
1.6 On the Proximity of Solut ions

of the Differential and Difference Dirichlet Problems
for the Poisson Equation in a Square Domain . . . . . . . . . . . . .. 49

2. Differential and Difference Potentials . . . . . . . . . . . . . . . . . . . . . 53
2.1 Fundamental Solution and Green Functions and Operators . . 53
2.2 Potentials and Their Integral and Operator Representations . 56
2.3 Definition and Calculation of a Difference Potential . . . . . . . . . 66
2.4 Approximation of a Differential Potential

by a Difference Potential 72



XIV Contents

3. Reduction of Boundary-Value Problems
for the Laplace Equation to Boundary
Equations of Calderon-Seeley Type. . . .. .. . . . . 81
3.1 Boundary Projection and a Boundary Condition

of Calderon-Seeley Type , , . . . . 81
3.2 Passage from Boundary-Value Problems

in a Domain to Equations on Its Boundary 84

4. Numerical Solution of Boundary-Value Problems . . . . . . . . . 87
4.1 Intermediate Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.2 Final Discretization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 97
4.3 Conjugate Gradient Method 117
4.4 Reduction of the Discrete Problem to a Form

Convenient for the Solution by the Conjugate
Gradient Method " , 123

4.5 An Algorithm for the Numerical Solution
of the Discrete Problem by the Conjugate Gradient
Method 129

4.6 A Computational Example 135

Part II. General Constructions of Surface Potentials
and Boundary Equations on the Basis
of the Concept of a Clear Trace

1. Generalized Potentials and Boundary
Equations with Projections for Differential
Operators 141
1.1 Clear Trace and General Constructions

of Differential Potentials and Boundary Equations
with Projections 141

1.2 Conditionality of Boundary Equations
with Projections 151

1.3 Comments on the Literature 154

2. General Constructions of Potentials and
Boundary Equations for Difference Operators 159
2.1 General Constructions 159
2.2 Examples 167
2.3 Cauchy-Type Potentials for General Linear Systems

of Difference Equations on Abstract Grids 172
2.4 Cauchy-Type Potentials and Uniquely Solvable

Difference Boundary-Value Problems 179
2.5 Reznik's Algorithm for Calculating the Difference Potential . . 198
2.6 Comments on the Literature " , 201



Contents XV

3. Lazarev's Results on the Algebraic
Structure of the Set of Surface Potentials
of a Linear Operator 207
3.1 Preliminaries 207
3.2 Potentials with Density from the Space of Clear

Traces and Boundary Equations with Projections
of an Abstract Operator , 209

Part III. A General Scheme of the Method of Difference
Potentials for the Numerical Solution
of Differential and Difference Boundary-Value
Problems of Mathematical Physics

1. A General Scheme of the Method
of Difference Potentials for Differential Problems 217
1.1 Nonclassical Auxiliary Problems 217
1.2 Admissible Arbitrariness in the Choice

of the Construction of a Clear Trace 221
1.3 Scheme for Approximating Differential Potentials

by Difference Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
1.4 The Reznik Theorems on the Approximation

of the Surface Potentials of Elliptic Operators
by Difference Potentials 231

1.5 Intermediate Discretization of Boundary Equations
with Projections 234

1.6 Constructive Discretization Scheme for Boundary
Equations with Projections 240

1.7 Fragments of Other Methods of Constructive
Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

1.8 Methods of Deriving an Algebraic System
of Simple Structure 252

1.9 On the Operator adjoint to the Green Operator
of the Difference Auxiliary Problem 257

2. Illustrations of Constructions of the Method
of Difference Potentials 273
2.1 Examples of Interior Problems 273
2.2 Examples of Exterior Problems 279
2.3 An Example of Constructing the Difference

Potential for Solving Numerically Boundary-Value
Problems in a Domain with a Cut 282

2.4 An Example of Boundary Equations with Projections
for the Stokes System 287



XVI Contents

3. General Scheme of the Method of Difference Potentials
for Solving Numerically the Difference Analogs
of Differential Boundary-Value Problems 291
3.1 Statement of Difference Problems " , . . " 291
3.2 Abstract Equations with Projections 293
3.3 Reduction of Difference Problems to Equations

for the Density of the Difference Potential and
the Scheme for Calculating Solutions to These Equations .. . . 302

3.4 Methods for Obtaining Boundary Conditions
with Projections that are Convenient for Iterations 305

3.5 Difference Single Layer Potential as an Example
of Potentials of Special Form. Resonance
in the Complementary Domain. Relation
to the Capacity Matrix Method 315

3.6 Remark on the Combined Use of the Finite
Element Method, the Fedorenko Multigrid Method,
and the Method of Difference Potentials 321

Part IV. Examples of MDP Algorithms for Solving
Numerically Boundary-Value Problems
of Mathematical Physics

1. The Tricomi Problem 329
1.1 Difference Analogs of the Tricomi Problem '.' 330
1.2 Algorithms of the Method of Difference Potentials 334
1.3 Computational Results 339

2. Constructions of the Method of Difference
Potentials for the Computation of Stressed
States of Elastic Compressible Materials 341
2.1 Difference Potential 341
2.2 Remarks on Algorithms of the Method of Difference

Potentials 343

3. Problems of Internal Flows of Viscous
Incompressible Fluids 345
3.1 An Algorithm for Solving the Two-Dimensional

Stokes Problem Numerically in the Natural Variables
(Torgashov Algorithm) 346

4. An Example of the MDP Algorithm
for Computing the Stationary Acoustic
Wave Field outside a Solid of Revolution 371
4.1 Difference Spherical Harmonics 371



Contents XVII

4.2 Constructions of the Difference Potential
for Exterior Problems 376

4.3 An Algorithm for Solving Exterior Problems
for Solids of Revolution 380

4.4 Numerical Examples , 389

Part V . Artificial Boundary Conditions
for Stationary Problems

1. An Efficient Algorithm for Constructing
Artificial Boundary Conditions for a Model
Problem 395

2. On t he Results of the Application
of the Method of Difference Potentials
to the Construction of Artificial Boundary
Conditions for External Flow Computations 403
2.1 Introduction 403
2.2 Formulation of the Problem 404
2.3 Two-Dimensional Flows Around Airfoils 411
2.4 Three-Dimensional Flows Past a Wing 419
2.5 Three-Dimensional Flow with Jet Exhaust " 429

Part VI. General Constructions of Difference
Nonreflecting Artificial Boundary Conditions
for Time-Dependent Problems

1. Nonreflecting Difference Conditions
on the Moving and Shape Varying Boundary
of the Computational Domain 445
1.1 Introduction 445
1.2 Formulation of the Problem 446
1.3 Construction of NRABCs 450
1.4 Possibility of Speeding up Computations by Taking

Account of the Properties of Specific Problems 457
1.5 Bibliographical Comments 460

2. Spectral Approach to the Construction
of Nonreflecting Boundary Conditions , 461
2.1 Finite-Difference Nonreflecting Boundary Conditions 462
2.2 Algorithm for NRABC Approximation 469
2.3 Choice of a Particular Basis 476
2.4 Numerical Experiments 477



XVIII Contents

2.5 Potential Generalizations 481

Part VII. Nonreflecting Artificial Boundary Conditions
for Replacing the Rejected Equations
with Lacunas

1. Problem of Constructing NRABCs
and the Corresponding Auxiliary Cauchy
Problem 489
1.1 Definition of Nonreflecting Artificial Boundary

Conditions (NRABCs) 489
1.2 Auxiliary Difference Cauchy Problem

for Constructing NRABCs 492

2. Algorithm for Solving the Cauchy Problem
with the Help of Lacunas 495
2.1 Lacunas 495
2.2 Economical Algorithm for Computing the Solution

of the Difference Cauchy Problem 499
2.3 Taking Account of the Special Properties

of the Auxiliary Difference Cauchy Problem Used
to Compute the Nonreflecting Artificial Boundary
Conditions 505

2.4 Turchaninov's Phenomenon 506
2.5 Numerical Experiments 507
2.6 On Problems in a Moving Computational Domain 510

Part VIII. Problems of Active Shielding and Imitation

1. Active Shielding Control 515
1.1 Difference Stationary Problem of Active Shielding 515
1.2 Brief Bibliographic Review 518

2. Difference Imitation Problems .. " 519
2.1 Difference Schemes 519
2.2 Statement and General Solution of the Imitation Problem 520

Appendix 523

References 525

Index 537


