
Bernard R. Gelbaum 

Problems in Real and 
Complex Analysis 

With 18 Figures 

Springer Science+Business Media, LLC t 



Bernard R. Gelbaum 
Department of Mathematics 
State University of New York (SUNY) 
Buffalo, NY 14214-3093 
USA 

Series Editor 
Paul R. Halmos 
Department of Mathematics 
University of Santa Clara 
Santa Clara, CA 95053 
USA 

Mathematics Subject Classification (1991): 26-01, 28-01, 30-01, 31-01 

Library of Congress Cataloging-in-Publication Data 
Gelbaum, Bernard R. 

Problems in real and complex analysis/Bernard R. Gelbaum. 
p. cm. - (Problem books in mathematics) 

Includes bibliographical references and index. 
ISBN 978-1-4612-6949-6 ISBN 978-1-4612-0925-6 (eBook) 
DOI 10.1007/978-1-4612-0925-6 
1. Mathematical analysis-Problems, exercises, etc. I. Title. 

II. Series. 
QA301.G46 1992 
515-dc20 91-43908 

Printed on acid-free paper. 

© 1992 Springer Science+Business Media New York 
Originally published by Springer-Verlag Berlin Heidelberg New York in 1992 
Softcover reprint of the hardcover 1 st edition 1992 

Ali rights reserved. This work may not be translated or copied in whole or in part without the 
written permission of the publisher Springer-Science+Business Media, LLC, except for brief 
excerpts in connection with reviews or scholarly analysis. Use in connection with any form of 
information storage and retrieval, electronic adaptation, computer software, or by similar or 
dissimilar methodology now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even if 
the former are not especially identified, is not to be taken as a sign that such names, as understood 
by the Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone. 

Production managed by Francine Sikorski; manufacturing supervised by Vincent Scelta. 
Photocomposed copy prepared using LaThX. 

987654321 



Contents 

The symbol alb under Pages below indicates that the Problems for the 
section begin on page a and the corresponding Solutions begin on page b. 
Thus 3/139 on the line for Set Algebra indicates that the Problems in Set 
Algebra begin on page 3 and the corresponding Solutions begin on page 
139. 

Preface v 

REAL ANALYSIS 

Problems Pages 

1 Set Algebra and Function Lattices 

1.1 Set Algebra 1.1 - 1.19 3/139 
1.2 Function Lattices 1.20 - 1.36 7/146 

2 Topology, Limits, and Continuity 

2.1 Topology 2.1 - 2.52 12/153 
2.2 Limits 2.53 - 2.72 21/169 
2.3 Continuity 2.73 - 2.114 24/176 

3 Real- and Complex-valued Functions 

3.1 Real-valued Functions 3.1 - 3.60 30/192 
3.2 Complex-valued functions 3.61 - 3.75 37/219 

4 Measure and Topology 

4.1 Borel Measures 4.1 - 4.32 40/225 
4.2 Haar Measure 4.33 - 4.57 44/241 

5 Measure Theory 

5.1 Measure and Integration 5.1 - 5.147 48/248 
5.2 Probability Theory 5.148 - 5.156 66/296 
5.3 Ergodic Theory 5.157 - 5.163 68/300 

'T'I'I 



viii Contents 

Problems Pages 

6 Topological Vector Spaces 

6.1 The Spaces LP(X, J-L), 1 ~ p ~ 00 6.1 - 6.68 70/305 
6.2 Hilbert Space SJ 6.69 - 6.109 79/331 
6.3 Abstract Topological 6.110 - 6.162 83/347 

Vector Spaces 
6.4 Banach Algebras 6.163 - 6.172 89/365 

COMPLEX ANALYSIS 

7 Elementary Theory 

7.1 Geometry in C 7.1 - 7.15 95/371 
7.2 Polynomials 7.16 - 7.21 99/376 
7.3 Power Series 7.22 - 7.34 99/377 

8 Functions Holomorphic in a Disc 

8.1 General Results 8.1 - 8.25 102/381 
8.2 Applications of Mobius 8.26 - 8.31 105/387 

Transformations 

9 Functions Holomorphic in a Region 

9.1 General Regions 9.1 - 9.4 106/390 
9.2 Regions n Containing D(O, 1) 9.5 - 9.10 106/391 
9.3 Other Special Regions 9.11 - 9.33 107/392 

10 Entire Functions 

10.1 Elementary Theory 10.1 - 10.8 110/398 
10.2 General Theory 10.9 - 10.29 110/399 
10.3 Order of Growth 10.30 - 10.49 112/404 

11 Analytic Continuation 

11.1 Analytic Continuation of Series 11.1 - 11.7 115/414 
11.2 General Theory 11.8 - 11.27117/417 



Contents 

12 Singularities 

12.1 General Theory 
12.2 Meromorphic Functions 
12.3 Mittag-Leffler, Runge, 

and WeierstraB Theorems 

13 Harmonic Functions 

13.1 Basic Properties 
13.2 Developments 

14 Families of Functions 

14.1 Sequences of Functions 
14.2 General Families 
14.3 Defective Functions 
14.4 Bergman's Kernel 

Functions 

15 Convexity Theorems 

15.1 Thorin's Theorem 
15.2 Applications 

Bibliography 
Symbol List 
Glossary /Index 

ix 

Problems Pages 

12.1 - 12.7 121/424 
12.8 - 12.13 122/426 

12.14 - 12.22 123/427 

13.1 - 13.12 124/430 
13.13 - 13.21 125/433 

14.1 - 14.5 127/437 
14.6 - 14.19 128/438 

14.20 - 14.28 129/442 
14.29 - 14.34 130/444 

15.1 - 15.6 132/447 
15.7 - 15.10 134/448 

451 
455 
463 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




