
Luca F. Pavarino 
Andrea Toselli 
Editors 

Recent Developments 
in Domain Decomposition 
Methods 

With 69 Figures, 13 in Color, and 54 rabIes 

, Springer 



EditOTS 

Luca F. Pavarino 
Department of Mathematics 
University of Milano 
Via C. Saldini SO 
20133 Milano, Italy 
e-mail: pavarino@mat.unimi.it 

Andrea Toselli 
Seminar for Applied Mathematics 
ETHZiirich 
RămistraBe 101 
8092 Ziirich, Switzerland 
e-mail: toselli@sam.math.ethz.ch 

Cover figure: Convective flow with an internal dissipative circular region. Discretization 
with linear finite elements on non-matching grids and a discontinuous Galerkin approach 
by A. Toselli 

Cataloging-in-Publication Data applied for 

Die Deutsche Bibliothek - CIP-Einheitsaufnahme 
Recent developments in domain decomposition methods / Luca F. Pavarino ; 
Andrea Toselli ed. - Berlin; Heidelberg ; New York; Barcelona ; 
Hong Kong ; London ; Milan ; Paris; Tokyo: Springer, 2002 
(Lecture notes in computational science and engineering ; VoL 23) 
ISBN 978-3-540-43413-9 ISBN 978-3-642-56118-4 (eBook) 
DOI 10.1007/978-3-642-56118-4 

Mathematics Subject Classification (2000): 
6SNS5, 65M55, 65N12, 65N22, 65N30, 65N35, 65FIO, 65F50, 65Y05 

ISBN 978-3-540-43413-9 
This work is subject to copyright. AlI rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broad
casting, reproduction on microfilm or in any other way, and storage in data banks. Duplication of 
this publication or parts thereofis permitted only under the provisions ofthe German Copyright Law 
of September 9, 1965, in its current version, and permission for use must always be obtained from 
Springer-Verlag. Violations are Iiable for prosecution under the German Copyright Law. 

http://www.springer.de 
@ Springer-Verlag Berlin Heidelberg 2002 
Originally published by Springer-Verlag Berlin Heidelberg New York in 2002 

The use of general descriptive names, registered names, trademarks, etc. in this publication does not 
imply, even in the absence of a specific statement, that such names are exempt from the relevant 
protective laws and regulations and therefore free for general use. 
Cover Design: Friedhelm Steinen-Broo, Estudio Ca1amar, Spain 
Cover production: design 6- production 
Typeset by the authors using a Springer 'IBX macro package 

Printed on acid-free paper SPIN: 10859419 46/314lfLK - 543 210 



Contents

A Blended Fictitious/Real Domain Decomposition Method
for Partially Axisymmetric Exterior Helmholtz Problems with
Dirichlet Boundary Conditions 1
Ulrich Hetmaniuk and Charbel Farhat
1 Introduction . . .. . .. .... . .. .. .. .. .. . . . .. .. . . . . . .. . . .... ..... . . 1
2 The Sound-Soft Acoustic Scattering Problem . . . . . . . . . . . . . . . . . . . . 2
3 A Fictitious Domain Decomposition Method 3
4 A Blended Fictitious/Real Domain Decomposition Method . .. . . 10
5 Applications.. . .. ..... .. .... . .. . . . . .... . ... . .. ... . .. . .. . .. . . . 15
6 Conclusions ...... .. . .... .. .. .. ..... .. .. .... . . .. . . ... . ... .... 24
References 25

Dual-Primal FETI Methods with Face Constraints 27
Axel Klawonn, Olof B. Widlund, Maksymilian Dryja
1 Introduction . ... .. . . ... .... ... . .. . . .. . .. . . ... . . . . . ... . ... . . .. 27
2 Elliptic Model Problem, Finite Elements, and Geometry . . . . . . . . . . 28
3 New Dual-Primal FETI Methods . .. . . . . . .. . . . . .. . .. 30
4 Some Auxiliary Lemmas . . . . . . .. . . 34
5 Convergence Analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 35
References 40

A FETI - DP Method for a Mortar Discretization of Elliptic
Problems 41
Maksymilian Dryja, Olof B . Widlund
1 Introduction 41
2 Differential and Discrete Problems 42
3 A Dual-Primal Formulation of the Problem 43
4 Convergence Analysis: the Upper Bound. 45
5 Convergence Analysis: the Lower Bound . . . . . . . . . . . . . . . . . . . . 48
References 52

Balancing Neumann-Neumann Methods for Mixed
Approximations of Linear Elasticity 53
Paulo Goldfeld, Luca F. Pavarino, Olof B. Widlund
1 Introduction .... . . . .. ... . ... . .. .. .. .. . . . . . . . .... ... .. . .... . .. 53
2 Mixed Methods for Linear Elasticity:

Continuous and Discrete Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3 Substructuring for Saddle Point Problems. . . . . . . . . . . . . . . . . . . . . .. 59
4 A Neumann-Neumann Preconditioner 62
5 Main Result. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 66
6 Variable Coefficient and Composite Materials. . . . . . . . . . . . . . . . . . .. 66



X Contents

7 Numerical Experiments . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . 67
References 74

Partition of Unity Coarse Spaces and Schwarz Methods with
Harmonic Overlap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 77
Marcus Sarkis
1 Introduction....... . .... .. .. . .. .. ... . . . ... ...... .. .. . . .. .... . 77
2 Notations... ..... . .... . . . . . . .. ..... ... ... .... . . ..... . . . .. ... 79
3 Overlapping Additive Schwarz (AS) Methods 80
4 AS Methods with Harmonic Overlap (ASHO) 81
5 Hybrid Methods with PU Coarse Spaces . . . . . . . . . . . . . . . . . . . . . . .. 82
6 Remarks about ASHO Methods. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 83
7 Theoretical Analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 84
8 Numerical Experiments and Final Remarks 89
References 94

Convergence of Some Two-Level Overlapping Domain
Decomposition Preconditioners with Smoothed Aggregation
Coarse Spaces 95
Caroline Lasser, Andrea Toselli
1 Introduction. . .. . . .... .. . . . .... ..... . .. .... .. .. . . . ... .. . .. . . . 95
2 Problem Setting and Two-Level Overlapping Preconditioners . . . . . . 98
3 A ConvergenceResult . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4 Smoothed Aggregation 102
5 An Improved Convergence Result 106
6 Some Choices for the Smoother 108
7 Numerical Results 113
References 114

WaveletjFEM Coupling by the Mortar Method 119
Silvia Bertoluzza, Silvia Falletta, Valerie Perrier
1 Introduction 119
2 The Mortar Method with Approximate Constraint 120
3 WaveletjFEM Coupling 125
References 131

Non-Conforming hp Finite Element Methods for Stokes
Problems 133
Faker Ben Belgacem, Lawrence K. Chilton, Padmanabhan Seshaiyer
1 Introduction... .... . . .. . . .... . ... . . .. . . .... ... ..... . ... .... .. 133
2 The Stokes Problem and its Non-Conforming hp Discretization 134
3 ConvergenceEstimates 137
4 Mixed Method Implementation . . . . . . . . . . . . . . . . . . . . . . . . 138
5 Numerical Results 138
References 144



Contents XI

A Defect Correction Method for Multi-Scale Problems in
Computational Aeroacoustics 147
Georgi S. Djambazov, Choi-Hong Lai, Koulis A. Pericleous,
Zong-Kang Wang
1 Introduction 147
2 The Defect Correction Method 148
3 Coarse Grid Sound Source Retrieval 151
4 Numerical Experiments 152
5 Conclusions 156
References 156

Domain Decomposition Methods for Time-Harmonic Maxwell
Equations: Numerical Results 157
Ana Alonso Rodriguez, Alberto Valli
1 The Time-Harmonic Maxwell Equations in a Conductor 157
2 Domain Decomposition Algorithms for the Time-Harmonic Maxwell

Equations in a Conductor 158
3 Numerical Results for the Time-Harmonic Maxwell Equations in a

Conductor 160
4 The Eddy-Current Problem and a Domain Decomposition Algo-

rithm for its Solution 165
5 Numerical Results for the Eddy Current Problem 167
References 171

Iterated Frequency Filtering Preconditioners 173
Yves Achdou , Frederic Nata!
1 Introduction.. . ..... .... . . . . . . . .. ... ...... ..... . . . .... . . . ... . 173
2 Filtering Factorizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
3 Adaptive Filtering 179
4 The Dimension-wise Iterated Frequency Filtering Preconditioner 180
5 The Complete Algorithm 181
6 Numerical Experiments Without Adaptivity 182
7 Numerical Experiments with the Adaptive Method 184
References 186

A "Parareal" Time Discretization for Non-Linear PDE's with
Application to the Pricing of an American Put 189
Guillaume Bal, Yvon Maday
1 Introduction 189
2 Problem Formulation 190
3 Analysis of the Algorithm for Linear PDE's 191
4 Application to a Nonlinear Parabolic Problem 197
5 Pricing of an American Put 197
References 201



XII Contents

The Influence of Quadrature Formulas in 2D and 3D Mortar
Element Methods 203
Yuon Maday, Francesco. Rapetti, Barbara 1. Wohlmuth
1 Introduction 203
2 Problem Formulation and Notation 204
3 Problem Discretization 205
4 Matrix Form of the Discrete Problem 211
5 Numerical Results in 3D 213
6 Numerical Results in 2D 218
References 221

Portable Efficient Solvers for Adaptive Finite Element
Simulations of Elastostatics in Two and Three Dimensions . . . . 223
Andrew C. Bauer, Swapan Sanjanwala, Abani K . Patra
1 Introduction 223
2 Model Problem and Finite Element Approximation 224
3 Solution Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
4 Portable Hybrid Solvers 230
5 Numerical Results 236
6 Conclusions and Future Work 241
References 242




