Stanley Osher  Ronald Fedkiw

Level Set Methods and
Dynamic Implicit Surfaces

With 99 Figures, Including 24 in Full Color

Vg Springer



Stanley Osher Ronald Fedkiw

Department of Mathematics Department of Computer Science
University of California Stanford University

at Los Angeles Stanford, CA 94305-9020
Los Angeles, CA 90095-1555 USA
USA fedkiw@cs.stanford.edu
sjo@math.ucla.edu
Editors:
S.S. Antman J.E. Marsden L. Sirovich
Department of Mathematics  Control and Dynamical  Division of Applied
and Systems, 107-81 Mathematics
Institute for Physical Science California Institute of Brown University

and Technology Technology Providence, RI 02912
University of Maryland Pasadena, CA 91125 USA
College Park, MD 20742-4015 USA chico@camelot.mssm.edu
USA marsden@cds.caltech.edu

ssa@math.umd.edu

Cover photos: Top left and right, hand and rat brain — Duc Nguyen and Hong-Kai
Zhao. Center campfire — Duc Nguyen and Nick Rasmussen and Industrial Light and
Magic. Lower left and center, water glasses — Steve Marschner and Doug Enright.

Mathematics Subject Classification (2000): 65Mxx, 65C20, 65D17, 65-02, 65V10, 73V

Library of Congress Cataloging-in-Publication Data
Osher, Stanley.
Level set methods and dynamic implicit surfaces / Stanley Osher, Ronald Fedkiw
p. cm. — (Applied mathematical sciences ; 153)
Includes bibliographical references and index.
(alk. paper)
1. Level set methods. 2. Implicit functions. I. Fedkiw, Ronald P., 1968— II. Title.
I11. Applied mathematical sciences (Springer-Verlag New York Inc.) ; v. 153
QA1.A647 vol. 153

[QC173.4]
510s—dc21
[515°.8] 2002020939
Printed on acid-free paper.
ISBN 978-1-4684-9251-4 ISBN 978-0-387-22746-7 (eBook)

DOI 10.1007/978-0-387-22746-7
© 2003 Springer-Verlag New York, Inc.

Softcover reprint of the hardcover 1st edition 2003

All rights reserved. This work may not be translated or copied in whole or in part without
the written permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Av-
enue, New York, NY 10010, USA), except for brief excerpts in connection with reviews or
scholarly analysis. Use in connection with any form of information storage and retrieval,
electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed is forbidden.

The use in this publication of trade names, trademarks, service marks, and similar terms,
even if they are not identified as such, is not to be taken as an expression of opinion as
to whether or not they are subject to proprietary rights.

98765432 SPIN 10920466
Wwww.springer-ny.com

Springer-Verlag New York Berlin Heidelberg
A member of BertelsmannSpringer Science+Business Media GmbH



Contents

Preface vii
Color Insert (facing page 146)
I Implicit Surfaces 1
1 Implicit Functions 3
11 Points . . ... ... ... 3
1.2 Curves . . . . . . . e 4
1.3 Surfaces . . ..... ... . ... ... 7
1.4  Geometry Toolbox . . ................... 8
1.5 Calculus Toolbox . . ... ................. 13
2 Signed Distance Functions 17
2.1  Imtroduction . . ... ... ... ... ... ... ... .. 17
2.2 Distance Functions . . . ... .. ............. 17
2.3  Signed Distance Functions . . . ... .. ... ...... 18
24 Examples. . ... ... ... 19
2.5  Geometry and Calculus Toolboxes . . . . . ... ... .. 21
II Level Set Methods 23
3 Motion in an Externally Generated Velocity Field 25

3.1 Convection . . . . . . . . .. 25



X Contents

3.2
3.3
3.4
3.5

Upwind Differencing . . . ... .. ... ... ... ...
Hamilton-Jacobi ENO . . .. .. ... ... .... ...
Hamilton-Jacobi WENO . . . ... ... ... ... ...
TVD Runge-Kutta . . .. .. ... .. ..........

4 Motion Involving Mean Curvature
Equation of Motion . . .. ... ... ... ... .....
Numerical Discretization . . . ... .. ... ... . ...

4.1
4.2
4.3

5 Hamilton-Jacobi Equations

5.1
5.2
5.3

Introduction .

5.3.1 Lax-Friedrichs Schemes . . . . . . .. . ... ...
5.3.2 The Roe-Fix Scheme . . .. ... ... ......
5.3.3 Godunov’s Scheme . ... ... ... .......

6 Motion in the Normal Direction

The Basic Equation . . . . ... ... ... ........
Numerical Discretization . . . . .. ... ... ... ...
Adding a Curvature-Dependent Term . . . . ... .. ..
Adding an External Velocity Field . . . ... ... . ...

6.1
6.2
6.3
6.4

7 Constructing Signed Distance Functions

7.1
7.2
7.3
7.4
7.5

Introduction .

Reinitialization
Crossing Times

The Reinitialization Equation . . . ... ... ... ...
The Fast Marching Method . . . . ... ... ... ...

8 Extrapolation in the Normal Direction

One-Way Extrapolation. . . . .. ... ..........
Two-Way Extrapolation . . ... ... ... .......
Fast Marching Method . . . . ... ... ... ......

8.1
8.2
8.3

9 Particle Level Set Method
Eulerian Versus Lagrangian Representations . . . . . . .

9.1
9.2

Using Particles

to Preserve Characteristics . . . . . . ..

10 Codimension-Two Objects

Intersecting Two Level Set Functions . . . . .. ... ..
Modeling Curves in R3 . . . .. . ... ... ... . ...
Open Curves and Surfaces . . . . ... ... .......
Geometric Optics in a Phase-Space-Based Level

10.1
10.2
10.3
10.4

Set Framework

29
31
33
37

41
41
44
45

47

47
48
49
50
52
54

55
55
57
59
59

63
63
64
65
65
69

75
75
76
76

79
79
82

87
87
87
90

90



Contents

IIT Image Processing and Computer Vision

11 Image Restoration

11.1 Introduction to PDE-Based Image Restoration . . . . . .
11.2 Total Variation-Based Image Restoration . . . . . . . ..
11.3 Numerical Implementation of TV Restoration . . . . . .

12 Snakes, Active Contours, and Segmentation

12.1 Introduction and Classical Active Contours. . . . . . . .
12.2  Active Contours Without Edges . . . . . ... ... ...
123 Results . . . . . . . . e

124 Extensions . . . . . . . . e

13 Reconstruction of Surfaces from Unorganized

Data Points

13.1 Imtroduction . . . . . . . . . .. .. ...
13.2 TheBasicModel ... .. ... ... ... ........
13.3 The Convection Model . . . .. .. .. ... ... ....
13.4 Numerical Implementation . . . . ... ... .......

IV Computational Physics

14 Hyperbolic Conservation Laws and

Compressible Flow
14.1 Hyperbolic Conservation Laws . . . . . . . .. ... ...
14.1.1 Bulk Convection and Waves . . . ... ... ...
14.1.2 Contact Discontinuities . . . . . . .. .. ... ..
14.1.3 Shock Waves . . . . . . . . .. .. ... ....
14.1.4 Rarefaction Waves . . . . ... ... ... ....
14.2 Discrete Conservation Form . . . ... ... ... ....
14.3 ENO for Conservation Laws . . . . ... ... ......
14.3.1 Motivation . . . . . . . . ... .. L.
14.3.2 Constructing the Numerical Flux Function . . . .
14.3.3 ENO-Roe Discretization
(Third-Order Accurate) . .. ...........
14.3.4 ENO-LLF Discretization
(and the Entropy Fix) . ... ...........
14.4 Multiple Spatial Dimensions . . . . . ... ... .....
14.5 Systems of Conservation Laws . . . . . . ... ... ...
14.5.1 The Eigensystem . . . . . ... ... ... ....
14.5.2 Discretization . . . . .. .. ... ... ... ...
14.6 Compressible Flow Equations . . . ... ... ... ...
14.6.1 Ideal Gas Equation of State . . .. ... ... ..
14.6.2 Eigensystem . . . . . .. .. ... ... ... ..
14.6.3 Numerical Approach . . . ... .. ... ... ..

xi
95

97
97
99
103

119
119
121
124
124

139
139
140
142
142

147

149
149
150
151
152
153
154
155
155
157



xii

Contents

15 Two-Phase Compressible Flow

15.1 Imtroduction . . .. ... ... .. ... ... .......
15.2 Errors at Discontinuities . . . . . . ... ... ......
15.3 Rankine-Hugoniot Jump Conditions . . . . . ... .. ..
15.4 Nonconservative Numerical Methods . . . . . ... ...
15.5 Capturing Conservation . . ... ... ..........
15.6 A Degree of Freedom . . ... ... ... .........
157 IsobaricFix ... ... ... ... ... . .........
15.8 Ghost Fluid Method . . ... ... ... ... ......
15.9 A Robust Alternative Interpolation . . . ... ... ...

16 Shocks, Detonations, and Deflagrations

16.1 Introduction . . . ... ... ... ... ... .......
16.2 Computing the Velocity of the Discontinuity . . . . . . .
16.3 Limitations of the Level Set Representation . ... ...
164 Shock Waves . . . . . . ... ... ... ..........
16.5 Detonation Waves . . . . . ... ... . ... .......
16.6 Deflagration Waves . . . . . ... ... ..........
16.7 Multiple Spatial Dimensions . . . . . .. ... ......

17 Solid-Fluid Coupling

171 Imtroduction . . .. ... ... .. ... . ... ...
17.2 Lagrange Equations . . . . . ... ... ... ... . ...
17.3 'Treating the Interface . . . . . .. .. ... ... .....

18 Incompressible Flow

181 Equations . .. ... . ... ... ... .. ..
182 MACGrid . .. .. .. ...
18.3 Projection Method . . . ... ... ... .........
18.4 Poisson Equation . . . .. ... ... ... ..., ..
18.5 Simulating Smoke for Computer Graphics . . ... ...

19 Free Surfaces

19.1 Description of the Model . . . . . ... ... .......
19.2  Simulating Water for Computer Graphics. . . . . . . . .

20 Liquid-Gas Interactions

20.1 Modeling . . . . ... ...
20.2 Treating the Interface . . . . . . . ... ... ... ...

21 Two-Phase Incompressible Flow

21.1 Introductionm . . .. ... ... .. ... ... ... ...
21.2 Jump Conditions . . . .. ... ... ...,
213 ViscousTerms . . . . . .. .. ... ... .. ... ..
214 Poisson Equation . . . ... ... ... ... ... ....

167
167
168
169
171
172
172
173
175
183

189
189
190
191
191
193
195
196

201
201
203
204

209
209
210
212
213
214

217
217
218



22 Low-Speed Flames

Contents

22.1 Reacting Interfaces . . . . ... ... ... ... ... ..
22.2 Governing Equations . . . . .. ... .. ... ... ...
22.3 Treating the Jump Conditions . . . . . .. .. ... ...

23 Heat Flow
23.1 Heat Equation .

23.2 Irregular Domains . . . . . . . ... ... .. ... ... .

23.3 Poisson Equation
23.4 Stefan Problems

References

Index

xiii

239
239
240
241

249
249
250
251
254

259

271



