
Peter Morris 

I ntroduction to 
Game Theory 
With 44 Illustrations 

Springer 



Peter Morris 
Mathematics Department 
Penn State University 
University Park, PA 16802 
USA 

Editorial Board 
(North America): 

S. Axler 
Mathematics Department 
San Francisco State University 
San Francisco, CA 94132 
USA 

K.A. Ribet 
Mathematics Department 
University of California at Berkeley 
Berkeley, CA 94720-3840 
USA 

F.w. Gehring 
Mathematics Department 
East Hall 
University of Michigan 
Ann Arbor, MI 48109 
USA 

Mathematics Subject Classifications (1991): 90Dxx, 90C05 

Library of Congress Cataloging-in-Publication Data 
Morris, Peter, 1940-

Introduction to game theory 1 Peter Morris. 
p. cm. - (Universitext) 

Includes bibliographical references and index. 
ISBN-13: 978-0-387-94284-1 e-ISBN-13: 978-1-4612-4316-8 
DOl: 10.1007/978-1-4612-4316-8 
1. Game theory. I. Title. 

QA269.M66 1994 94-6515 
519.3-dc20 

Printed on acid-free paper. 

© 1994 Springer-Verlag New York, Inc. 
All rights reserved. This work may not be translated or copied in whole or in part without the writ­
ten permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New York, NY 
10010, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in con­
nection with any form of information storage and retrieval, electronic adaptation, computer software, 
or by similar or dissimilar methodology now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the 
former are not especially identified, is not to be taken as a sign that such names, as understood by the 
Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone. 

Production managed by Laura Carlson; manufacturing supervised by Gail Simon. 
Camera-ready copy prepared by the author using AMS-LATEX, 
Printed and bound by R. R. Donnelley & Sons, Harrisonburg, VA. 

9876543 



Contents 

Preface vii 

List of Figures xv 

1. Games in Extensive Form 1 
1.1. Trees 3 
1.2. Game Trees 7 

1.2.1. Information Sets 11 
1.3. Choice Functions and Strategies 12 

1.3.1. Choice Subtrees 13 
1.4. Games with Chance Moves 20 

1.4.1. A Theorem on Payoffs 22 
1.5. Equilibrium N-tuples of Strategies 24 
1.6. Normal Forms 29 

2. Two-Person Zero-Sum Games 35 
2.1. Saddle Points 36 
2.2. Mixed Strategies 40 

2.2.1. Row Values and Column Values 43 
2.2.2. Dominated Rows and Columns 48 

2.3. Small Games 52 
2.3.1. 2 x nand m x 2 Games 55 

2.4. Symmetric Games 59 
2.4.1. Solving Symmetric Games 60 



xii Contents 

3. Linear Programming 65 
3.1. Primal and Dual Problems 65 

3.1.1. Primal Problems and Their Duals 67 
3.2. Basic Forms and Pivots 71 

3.2.1. Pivots 72 
3.2.2. Dual Basic Forms 75 

3.3. The Simplex Algorithm 78 
3.3.1. Tableaus 78 
3.3.2. The Simplex Algorithm 81 

3.4. Avoiding Cycles and Achieving Feasibility 85 
3.4.1. Degeneracy and Cycles 85 
3.4.2. The Initial Feasible Tableau 88 

3.5. Duality 91 
3.5.1. The Dual Simplex Algorithm 92 
3.5.2. The Duality Theorem 95 

4. Solving Matrix Games 99 
4.1. The Minimax Theorem 99 
4.2. Some Examples 104 

4.2.1. Scissors-Paper-Stone 104 
4.2.2. Three-Finger Morra 106 
4.2.3. Colonel Blotto's Game 107 
4.2.4. Simple Poker 108 

5. Non-Zero-Sum Games 115 
5.1. Noncooperative Games 116 

5.1.1. Mixed Strategies 117 
5.1.2. Maximin Values 119 
5.1.3. Equilibrium N-tuples of Mixed Strategies 120 
5.1.4. A Graphical Method for Computing Equilibrium Pairs 121 

5.2. Solution Concepts for Noncooperative Games 124 
5.2.1. Battle of the Buddies 126 
5.2.2. Prisoner's Dilemma 127 
5.2.3. Another Game 127 
5.2.4. Supergames 128 

5.3. Cooperative Games 132 
5.3.1. Nash Bargaining Axioms 134 
5.3.2. Convex Sets 136 
5.3.3. Nash's Theorem 138 



Contents xiii 

5.3.4. Computing Arbitration Pairs 143 
5.3.5. Remarks 145 

6. N·Person Cooperative Games 149 
6.1. Coalitions 149 

6.1.1. The Characteristic Function 150 
6.1.2. Essential and Inessential Games 154 

6.2. Imputations 156 
6.2.1. Dominance of Imputations 158 
6.2.2. The Core 159 
6.2.3. Constant-Sum Games 163 
6.2.4. A Voting Game 165 

6.3. Strategic Equivalence 167 
6.3.1. Equivalence and Imputations 169 
6.3.2. (0, I)-Reduced Form 170 
6.3.3. Classification of Small Games 172 

6.4. Two Solution Concepts 174 
6.4.1. Stable Sets of Imputations 174 
6.4.2. Shapley Values 178 

7. Game·Playing Programs 185 
7.1. Three Algorithms 186 

7.1.1. The Naive Algorithm 186 
7.1.2. The Branch and Bound Algorithm 187 
7.1.3. The Alpha-Beta Pruning Algorithm 189 

7.2. Evaluation Functions 191 
7.2.1. Depth-Limited Subgames 192 
7.2.2. Manca1a 194 
7.2.3. Nine-Men's Morris 197 

Appendix. Solutions 201 

Bibliography 223 

Index 227 




