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Preface

In this book the basic principles of cont inuum mechanics and thermodynam
ics are treated in the tradition of the rational framework established in the
1960s, typically in the fundament al memoir "T he Non-Linear Field Theories
of Mechan ics" by Truesdell and Noll. The theoreti cal aspect of constitutive
theories for mater ials in general has been car efully developed in mathemati
cal clarity - from general kinematics, balance equat ions, material obj ectivity,
and isotropic representations to the framework of rational thermodynamics
based on the ent ropy principle. However , I make no claim that the subjects
are covered complete ly, nor does this book cover solutions and examples that
can usually be found in textbooks of fluid mechanics and linear elast icity.
However , some of the int eresting examples of finit e deformations in elastic
materials , such as biaxial stret ching of an elast ic membrane and inflation of
a rubber balloon, ar e discussed .

In the last two chapte rs of the book, some recent developments in ther
modynamic theories are considered . Specifically, they emphasize the use of
Lagrange multipliers , which enables the exploi tation of the entropy principle
in a systematic manner for const it ut ive equations, and introduce some basic
notions of extended thermodynamics. Although extended thermodynamics is
closely relat ed to the kineti c theory of ideal gases , very limited knowledge of
kinetic theory is needed .

Earlier versions of this book have been used over the years, in the Insti
tute of Mathematics at the Federal University of Rio de Janeiro as well as in
the Institute of Applied Mechani cs at the National Taiwan University, in an
introductory course on continuum mechanics at the graduate level, and at
the advanced undergraduate level with a simplified version. The readers are
not required to have a good knowledge of either solid mechanics or fluid me
chanics, but, of course, some prior acquaintance with them would be helpful.

An appendix is written at the end to provide a review of basic notions
in linear algebra and tensor analysis as mathematical preliminaries for the
subjects, and occasionally cross-references to it (e.g. (A.32)) are used in the
text . The reader who already has a reasonable mathematical knowledge may
refer to it for reference and notations. However, in introductory courses I
have often put the appendix before the first chapte r because most of the
st udents may not be fami liar with the notations and some basic notions. No
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effort has been made to compile an extensive bibliography on related works
in continuum mechanics. Only those cited in the book are listed.

Examples and exercises are given to supplement the understanding of the
material and sometimes to provide further insights into the subjects. Usually
my students are asked to do most of the exercises to accompany the progress
of learning. Their feedback on the errors and the difficulties has resulted in
considerable improvement of the manuscript. Their participation is greatly
appreciated.

The endeavor of writing this book depended on many ideas and work in
the scientific literature. To many of the relevant researchers, acquaintances or
not, are due my grateful acknowledgements for their contributions. My special
acknowledgement is due to Prof. Muller for his friendship and inspirations on
many of my scientific trajectories. Finally, I would like to thank my family,
especially my wife Lu Ping, for their understanding and patience during many
long hours of preparing the manuscript over the years.

Rio de Janeiro,
March 2002 I-Shih Liu



Contents

1. Kinematics . . .. . .. . .. . . . . . . .. . . . .. .. . ... .. ... . . .. . .. . .. . . . 1
1.1 Configuration and Deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Change of Reference Configuration 4
1.2 Strain and Rotation 4
1.3 Linear Strain Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Motion . . . .. . . . .. . . . . .. . . . .. . ..... . . .. .. . .. . . . . . . . .. . . . 13

1.4.1 Material and Spatial Descriptions . . . . . . . . . . . . . . . . . . 14
1.5 Relat ive Deformation 17
1.6 Rate of Deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.7 Change of Frame and Object ive Tensors . . . . . . . . . . . . . . . . . .. 22

1.7.1 Transformation Property of Motion. . . . . . . . . . . . . . . . . 25
1.7.2 Property of Some Kinematic Quantities . . . . . . . . . . . .. 26

2. Balance Laws . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . .. . . . 31
2.1 General Balance Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.1.1 Field Equation and Jump Condition . . . . . . . . . . . . . . . . 35
2.1.2 Balance Equations in Material Coord inat es . . . . . . . . .. 36

2.2 Conservation of Mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 38
2.3 Laws of Dynam ics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.3.1 Forces and Moments. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 42
2.3.2 Stress Tensor 43
2.3.3 Conservation of Linear and Angular Momenta 50

2.4 Conservation of Energy 51
2.5 Summary of Basic Equ ations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.5.1 Basic Equ ations in Material Coordinates. . . . . . . . . . . . 56
2.5.2 Boundary Conditions of a Material Body . . . . . . . . . . .. 57

2.6 Field Equations in Arb itrary Fram es . . . . . . . . . . . . . . . . . . . . .. 58

3. Basic Principles of Constitutive Theories 63
3.1 Constitutive Relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.2 Principle of Material Obj ectivity 65

3.2.1 In Referential Descrip tion 68
3.2.2 An Example: a Particular Class of Materials . . . . . . . . . 70

3.3 Simple Material Bodies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 72



X Contents

3.4 Reduced Constitutive Relations 75
3.5 Material Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.5.1 Constitutive Equation for a Simple Solid Body . . . . . . . 81
3.5.2 Constitutive Equation for a Simple Fluid. . . . . . . . . . . . 82
3.5.3 Fluid Crystal with an Intrinsic Direction . . . . . . . . . . . . 84

3.6 Isotropic Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
3.6.1 Constitutive Equation of an Isotropic Material . . . . . .. 88

3.7 Fading Memory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
3.7.1 Linear Viscoelasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3.7.2 Boltzmann-Volterra Theory of Viscoelasticity . . . . . . . . 92
3.7.3 Linear Viscoelasticity of Rate Type " 93
3.7.4 Remark on Obj ectivity of Linear Elasticity . . . . . . . . . . 94

4. Representation of Constitutive Functions . . . . . . . . . . . . . . . .. 97
4.1 Materials of Grade n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 97
4.2 Isotropic Functions 98

4.2.1 Isotropic Elastic Materials and Linear Elasticity 107
4.2.2 Reiner-Rivlin Fluids and Navier-Stokes Fluids 109
4.2.3 Elastic Fluids III

4.3 Representation of Isotropic Funct ions 112
4.3.1 Isotropic Thermo elastic Solids

and Viscous Heat-Conducting Fluids 118
4.4 Hemitropic Invar iants 119
4.5 Anisotropic Invar iants 122

4.5.1 Transverse Isotropy and Orthotropy 124
4.5.2 On Irreducibility of Invariant Sets 126

5. Entropy Principle 129
5.1 Entropy Inequality 129
5.2 Entropy Principle 131
5.3 Thermodynamics of Elastic Materials 132

5.3.1 Linear Thermo elasticity 135
5.4 Elastic Materials with Internal Constraints 139
5.5 St ab ility of Equilibrium 144

5.5.1 Thermodynamic Stability Criteria 148
5.6 Phase Equilibrium 149

6. Isotropic Elastic Solids 153
6.1 Constitutive Equations " 153
6.2 Boundary Value Problems in Elasticity 155
6.3 Homogeneous Stret ch 157

6.3.1 Uniaxi al Stret ch 158
6.3.2 Biaxial Stretch 159

6.4 Symmetric Loading of a Square Sheet 160
6.4.1 Stability of a Square Sheet 162



Contents XI

6.5 Simple Shear 166
6.6 Pure Shear of a Square Block 169
6.7 Finite Deformation of Spherical Shells 173

6.7.1 Eversion of a Spherical Shell 175
6.7.2 Inflation of a Spherical Shell 176

6.8 Stab ility of Spherical Shells 179
6.8.1 Stability under Cons tant Pressures 180
6.8.2 Stability for an Enclosed Spherical Shell 181

7. Thermodynamics with Lagrange Multipliers 183
7.1 Supply-Free Bodies 183
7.2 Viscous Heat-Conducting Fluid 184

7.2.1 General Results 186
7.2.2 Navier- Stokes- Fourier Fluids 188

7.3 Method of Lagrange Multipliers 189
7.3.1 An Algebraic Problem 190
7.3.2 Local Solvability 191

7.4 Relation Between Entropy Flux and Heat Flux 194
7.4.1 Theorem of Parallel Isotropic Vector Functions 194

8. Rational Extended Thermodynamics 199
8.1 Introduct ion 199
8.2 Formal Structure of Syst em of Balance Equations 200

8.2 .1 Symmetric Hyp erbolic System 201
8.2.2 Galilean Invariance 204

8.3 Syst em of Moment Equ ations 207
8.4 Closure Problem 213

8.4.1 Ent ropy Principle 214
8.4.2 Formal Procedures 216

8.5 Thirteen-Moment Theory
of Viscous Heat-Conduct ing Fluid 217
8.5.1 Field Equa t ions 223
8.5.2 Entropy and Entropy Flux 225

8.6 Monatomic Ideal Gases 226
8.6.1 Thirteen-Moment Theory 227
8.6.2 Constitutive Equations 228

8.7 Stationary Heat Conduction in Ideal Gases 228
8.7.1 Fouri er 's Law and Heat Conduction 229
8.7.2 Heat Conduction in Thirteen-Moment Theory 229
8.7.3 Remark on Boundary Value Problems 232



XII Contents

A. Elementary Tensor Analysis 233
A.l Linear Algebra 233

A.I.l Inner Product 234
A.I.2 Dual Bases 235
A.I.3 Tensor Product 238
A.I.4 Transformation Rules for Components 243
A.I.5 Determinant and Trace 245
A.I.6 Exterior Product and Vector Product 251
A.I.7 Second-Order Tensors . . , 254
A.I.8 Some Theorems of Linear Algebra 256

A.2 Tensor Calculus 262
A.2.1 Euclidean Point Space 262
A.2.2 Differentiation 263
A.2.3 Coordinat e System 272
A.2.4 Covariant Derivatives 275
A.2.5 Other Differential Operators 277
A.2.6 Physical Components 281
A.2.7 Orthogonal Coordinate Systems 282

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

Index 293


