Vladimir D. Liseikin

Grid Generation Methods

With 48 Figures

@) Springer




Dr.Vladimir D. Liseikin

Institute of Computational Technologies

Siberian Branch of the Russian Academy of Sciences
Pr.Lavrentjeva 6

630090 Novosibirsk 90, Russia

e-mail: liseikin@net.ict.nsc.ru

ISBN 978-3-662-03951-9 ISBN 978-3-662-03949-6 (eBook)
DOI 10.1007/978-3-662-03949-6

Library of Congress Cataloging-in-Publication Data
Liseikin, V. D.

Grid generation methods / Vladimir D. Liseikin.

p. cm. - (Scientific computation)

Includes bibliographical references and index.

1. Numerical grid generation (Numerical analysis)
L. Title. II Series.
QA377.L565 1999 519.4 — dc21 99-14666

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broad-
casting, reproduction on microfilm or in any other way, and storage in data banks. Duplication of this
publication or parts thereof is permitted only under the provisions of the German Copyright Law of
September 9, 1965, in its current version, and permission for use must always be obtained from
Springer-Verlag. Violations are liable for prosecution under the German Copyright Law.

© Springer-Verlag Berlin Heidelberg 1999

Originally published by Springer-Verlag Berlin Heidelberg New York in1999.

Softcover reprint of the hardcover 1st edition 1999

The use of general descriptive names, registered names, trademarks, etc. in this publication does not

imply, even in the absence of a specific statement, that such names are exempt from the relevant pro-
tective laws and regulations and therefore free for general use.

SPIN 10653009 55/3144/di - 54 3 21 0 - Printed on acid-free paper



Table of Contents

1. General Considerations ...................... ..., 1
1.1 Introduction ........... ... ... .. . . 1
1.2 General Concepts Related to Grids ....................... 2

121 Grid Cells .. oot 3
1.2.2 Requirements Imposed on Grids . ................... 5
1.3 Grid Classes .. oovvii i e 9
1.3.1 Structured Grids Generated by Mapping Approach ... 10
1.3.2 Unstructured Grids ............ ... ... ... .. ....... 14
1.3.3 Block-Structured Grids ........................... 15
1.3.4 Overset Grids . ..... ..o 20
1.3.5 Hybrid Grids ........ . i 20
1.4 Approaches to Grid Generation .......................... 21
1.4.1 Methods for Structured Grids .. .................... 21
1.4.2 Methods for Unstructured Grids ................... 23
1.5 BigCodes . ...t 24
1.5.1 Interactive Systems ............. ..., 26
1.5.2 New Techniques.......... .. ... .. 26
1.6 Comments. ............. . 28

2. Coordinate Transformations .............................. 31
2.1 Introduction .......... ... .. 31
2.2 General Notions and Relations ........................... 32

2.2.1 Jacobi Matrix......... ... ... . ... ... ... 32
2.2.2 Tangential Vectors........... .. ... .. ... .. ... .. 33
2.2.3 Normal Vectors .......... ... ... ... .. .. . ... 34
2.2.4 Representation of Vectors Through the Base Vectors .. 36
2.2.5 Metric Tensors ... ....oov et 37
2.2.6 CrossProduct ......... ... ... .. .. 41
2.3 Relations Concerning Second Derivatives .................. 43
2.3.1 Christoffel Symbols ............ ... . ... L. 44
2.3.2 Differentiation of the Jacobian ..................... 45
2.3.3 Basicldentity.............. ... ... ... .. ... 46
2.4 Conservation Laws . .......... ... .. i 48



XII

Table of Contents

2.4.2 Vector Conservation Laws .........................
2.5 Time-Dependent Transformations ........................
2.5.1 Reformulation of Time-Dependent Transformations . . .
2.5.2 Basic Relations ......... ... .. ... .. ...

2.5.3 Equations in the Form of Scalar Conservation Laws. ..
2.5.4 Equations in the Form of Vector Conservation Laws ..
26 ComIENntS. .. ...ttt e

Grid Quality Measures ............. ... ... ... .. ... ...
3.1 Introduction ......... ... .. .. ... .
3.2 Curve Geometry .......... ..ttt
3.2.1 Basic Curve Vectors ............couiiiriinininnn.
3.2.2 CUurvature ..........ouitiiii i
3.2.3 Torsion ............i .
3.3 Surface Geometry ......... ...
3.3.1 Surface Base Vectors.............. ... ..
3.3.2 Metric Tensors .. ......cooiiiiii it
3.3.3 Second Fundamental Form ........................
3.3.4 Surface Curvatures ..............cceiuiiinninanan..
3.4 Metric-Tensor Invariants ............ ... ... ... ... .......
3.4.1 Algebraic Expressions for the Invariants .............
3.4.2 Geometric Interpretation ..........................
3.5 Characteristics of Grid Lines .. ...........................
3.5.1 Sum of Squares of Cell Edge Lengths ...............
3.5.2 Eccentricity .......... ... .. ...
3.53 CUrvature .. ...t
3.5.4 Measure of Coordinate Line Torsion ................
3.6 Characteristics of Faces of Three-Dimensional Grids ........
3.6.1 Cell Face SKEWNESS . ... covt it iiiin e
3.6.2 Face Aspect-Ratio............ ... ... .. .. ... ...
3.6.3 Cell Face Area Squared ...........................
3.6.4 Cell Face Warping .. ...,
3.7 Characteristics of Grid Cells .............................
3.7.1 Cell Aspect-Ratio .............ciiiiiiiiiia..
3.7.2 Square of Cell Volume ............................
3.73 Cell AreaSquared ................. ... ... ...,
374 Cell Skewness . ..ottt it
3.7.5 Characteristics of Nonorthogonality.................
376 Grid Density..........oooiiiiiiiiiiiiii
3.7.7 Characteristics of Deviation from Conformality.......
3.7.8 Grid Eccentricity ........... ... o il
3.7.9 Measures of Grid Warping and Grid Torsion .........
3.7.10 Quality Measures of Simplexes .....................

3.8 Comments . .. ..ot



Table of Contents

Stretching Method ........................ e
4.1 Introduction .......... ... .. it
4.2 Formulation of the Method ..............................
4.3 Theoretical Foundation..................................
4.3.1 Model Problems......... ... ... ... ... ... ... .......
4.3.2 BasicMajorants......... .. ... . il
4.4 Basic Intermediate Transformations.......................
4.4.1 Basic Local Stretching Functions ...................
4.4.2 Basic Boundary Contraction Functions ..............
4.4.3 Other Univariate Transformations ..................
4.4.4 Construction of Basic Intermediate Transformations . .
4.5 ComMIentS . ..ottt et e e

Algebraic Grid Generation ...............................

5.1 Imtroduction ........ ... ... ...

5.2 Transfinite Interpolation.................. ... ... ... .....

5.2.1 Unidirectional Interpolation .......................

5.2.2 Tensor Product .......... .. .. . ... .. ...

5.2.3 Boolean Summation ......... ... ... .. . ..

5.3 Algebraic Coordinate Transformations ....................

5.3.1 Formulation of Algebraic Coordinate Transformation .

5.3.2 General Algebraic Transformations .................

5.4 Lagrange and Hermite Interpolations .....................
5.4.1 Coordinate Transformations

Based on Lagrange Interpolation ...................

5.4.2 Transformations Based on Hermite Interpolation .. ...

5.5 Control Techniques .......... ... ...

5.6 Transfinite Interpolation from Triangles and Tetrahedrons . ..

5.7 Comments................... e

Grid Generation Through Differential Systems ...........
6.1 Introduction .......... ... . i
6.2 Laplace Systems. ......... ... i
6.2.1 Two-Dimensional Equations .......................
6.2.2 Three-Dimensional Equations ......................
6.3 Poisson Systems. ...
6.3.1 Formulation of the System.........................
6.3.2 Justification for the Poisson System.................
6.3.3 Equivalent Forms of the Poisson System.............
6.3.4 Orthogonality at Boundaries.......................
6.3.5 Control of the Angle of Intersection.................
6.4 Biharmonic Equations ................... .. ... .. ... . ...
6.4.1 Formulation of the Approach ......................
6.4.2 Transformed Equations ...........................
6.5 Orthogonal Systems .......... ... . ... ...



X1V

Table of Contents

6.5.1 Derivation from the Condition of Orthogonality . ... .. 182
6.5.2 Multidimensional Equations ....................... 183
6.6 Hyperbolic and Parabolic Systems ........................ 184
6.6.1 Specification of Aspect Ratio ...................... 185
6.6.2 Specification of Jacobian .......................... 188
6.6.3 Parabolic Equations .............................. 190
6.6.4 Hybrid Grid Generation Scheme.................... 191
6.7 Comments . .. ....c.uiuiue i 191
Dynamic Adaptation ........ .. ... .. ... .. L. 195
7.1 Imtroduction ......... ... ... i 195
7.2  One-Dimensional Equidistribution ........................ 196
7.2.1 Example of an Equidistributed Grid ................ 197
7.2.2 Original Formulation .................... ... ..... 199
7.2.3 Differential Formulation ........................... 200
7.2.4 Specification of Weight Functions................... 201
7.3 Equidistribution in Multidimensional Space ................ 208
7.3.1 One-Directional Equidistribution ................... 209
7.3.2 Multidirectional Equidistribution ................... 209
7.3.3 Control of Grid Quality ............. .. ... .. ..... 211
7.3.4 Equidistribution over Cell Volume .................. 213
7.4 Adaptation Through Control Functions ................... 216

7.4.1 Specification of the Control Functions
in Elliptic Systems ........ .. .. ... .. .. .. . .. ... 216
7.4.2 Hyperbolic Equations . ............................ 218
7.5 Grids for Nonstationary Problems ........................ 218
7.5.1 Method of Lines......... ... .. ... .. ... . ... .. 218
7.5.2 Moving-Grid Techniques .......................... 219
7.5.3 Time-Dependent Deformation Method ............ .. 221
7.6 COMMENtS . . .ottt e e e 222
Variational Methods ............ ... .. .. ... .. ... ... .. 227
8.1 Introduction ............ ... .. i 227
8.2 Calculus of Variations....... ... .. .. .. ... . 227
8.2.1 General Formulation.............. ... .. .. ... ... 228
8.2.2 Euler-Lagrange Equations......................... 229
8.2.3 Functionals Dependent on Metric Elements .......... 232
8.2.4 Functionals Dependent on Tensor Invariants ......... 232
8.2.5 Convexity Condition ............. ... ... .. ....... 235
8.3 Integral Grid Characteristics .. ........ .. ... ... .. .. .... 235
8.3.1 Dimensionless Functionals ............... ... ... ... 236
8.3.2 Dimensionally Heterogeneous Functionals............ 239
8.3.3 Functionals Dependent on Second Derivatives ........ 241
8.4 Adaptation Functionals ........... ... ... ... .. .. ... ... 242

8.4.1 One-Dimensional Functionals ...................... 243



10.

Table of Contents XV

8.4.2 Multidimensional Approaches ...................... 245
8.5 Functionals of Attraction ............ .. ... ... ... ....... 249
8.5.1 Lagrangian Coordinates ............. ... ... ...... 249
8.5.2 Attraction to a Vector Field ....................... 251
8.5.3 Jacobian-Weighted Functional ..................... 251
8.6 Energy Functionals of Harmonic Function Theory .......... 253
8.6.1 General Formulation of Harmonic Maps ............. 253
8.6.2 Application to Grid Generation .................... 254
8.6.3 Relation to Other Functionals...................... 255
8.7 Combinations of Functionals ........... ... .. ... .. ...... 256
8.7.1 Natural Boundary Conditions . ..................... 257
8.8 COmMIMENES . . o\ttt e e e 257
Curve and Surface Grid Methods ......................... 259
9.1 Introduction .......... ...t 259
9.2 Gridson CUrves .. ... ...ttt 260
9.2.1 Formulation of Grids on Curves .................... 260
9.2.2 Grid Methods......... ... .. i 261
9.3 Formulation of Grids on Surfaces .............. ... ... ... 264
9.3.1 Mapping Approach .......... ... .. . . .. 264
9.3.2 Associated Metric Relations ............... ... .. .. 265
9.4 Beltramian System ............. it 267
9.4.1 Beltramian Operator.............. .. .. ... ... .. .... 267
9.4.2 Surface Grid System .......... ... ... ... . 268
9.5 Interpretations of the Beltramian System ................ .. 270
9.5.1 Variational Formulation ........................... 270
9.5.2 Harmonic-Mapping Interpretation .................. 271
9.5.3 Formulation Through Invariants.................... 271
9.5.4 Formulation Through the Surface Christoffel Symbols . 272
9.5.5 Relation to Conformal Mappings . .................. 276
9.5.6 Projection of the Laplace System ... ................ 278
9.6 Control of Surface Grids. .. ....... ..., 280
9.6.1 Control Functions ........... ... ... .. oo, 280
9.6.2 Projection on the Boundary Linc ................... 280
9.6.3 Monitor Approach....... ... .. .. ... . ... 281
9.6.4 Control by Variational Methods .................... 282
9.6.5 Orthogonal Grid Generation ....................... 285
9.7 Hyperbolic Method . ... ... .. . . ... ... 286
9.7.1 Hpyperbolic Governing Equations ................... 286
9.8 Comments ... .. ..ot 287
Comprehensive Method ............ ... ... ... ... ........ 289
10.1 Introduction . ... . .. 289
10.2 Hypersurface Geometry and Grid Formulation ............. 291

10.2.1 Hypersurface Grid Formulation .............. ... ... 292



XVI  Table of Contents
10.2.2 Monitor Surfaces ......... ... ... i 292
10.2.3 Metric Tensors . .. ..o vt n i i e 294
10.2.4 Christoffel Symbols ........... ... ... ... ... ........ 295
10.2.5 Relations Between Metric Elements................. 296
10.3 Functional of Smoothness. ............. ... ... .. ....... 297
10.3.1 Formulation of the Functional...................... 297
10.3.2 Geometric Interpretation .......................... 298
10.3.3 Relation to Harmonic Functions . ................... 300
10.3.4 Euler-Lagrange Equations......................... 301
10.3.5 Formulation Through the Beltrami Operator......... 302
10.3.6 Equivalent Forms.......... ... ... .. ... ... ... .... 303
10.4 Hypersurface Grid Systems ............. ... ... ... ... .... 305
10.4.1 Inverted Euler-Lagrange Equations ................. 305
10.4.2 One-Dimensional Equation ........................ 307
10.4.3 Two-Dimensional Equations ....................... 308
10.4.4 Three-Dimensional Equations ...................... 309
10.5 Other Functionals ......... .. .. .. .. . i i 310
10.5.1 Dimensionless Functionals ......................... 310
10.5.2 Associated Functionals ............................ 311
10.6 Comments . ... ...ttt e 312
11. Unstructured Methods ................ .. ... ............. 313
11.1 Introduction ........ ... ...t 313
11.2 Consistent Grids and Numerical Relations ................. 314
11.2.1 Convex Cells. . ..ot 314
11.2.2 Consistent Grids .. ........ ..ot 315
11.3 Methods Based on the Delaunay Criterion . ................ 317
11.3.1 Dirichlet Tessellation ............................. 318
11.3.2 Incremental Techniques ........................... 319
11.3.3 Approaches for Insertion of New Points ............. 321
11.3.4 Two-Dimensional Approaches ...................... 321
11.3.5 Constrained Form of Delaunay Triangulation ........ 326
11.3.6 Point Insertion Strategies.......................... 328
11.3.7 Surface Delaunay Triangulation .................... 333
11.3.8 Three-Dimensional Delaunay Triangulation .......... 333
11.4 Advancing-Front Methods ...................... ... ..... 335
11.4.1 Procedure of Advancing-Front Method .............. 335
11.4.2 Strategies to Select Out-of-Front Vertices............ 336
11.4.3 Grid Adaptation ........... ... . . i 337
11.4.4 Advancing-Front Delaunay Triangulation ............ 338
11.4.5 Three-Dimensional Prismatic Grid Generation ....... 338
11.5 Comments . . .. .ov ettt e 339
References......... ... .. i 343



