A.J. Lichtenberg
M.A. Lieberman

Regular and
Chaotic Dynamics

Second Edition

With 225 Figures

Springer Science+Business Media, LLC



AJ. Lichtenberg

M.A. Lieberman

Department of Electrical Engineering
and Computer Sciences

University of California

Berkeley, CA 94720

USA

Editors

F. John J.E. Marsden L. Sirovich

Courant Institute of Department of Division of
Mathematical Sciences Mathematics Applied Mathematics

New York University University of California Brown University

New York, NY 10012 Berkeley, CA 94720 Providence, RI 02912

USA USA USA

Mathematics Subject Classification (1991): 70Kxx; 60Hxx; 34Cxx; 35Bxx

Library of Congress Cataloging in Publication Data
Lichtenberg, Allan J.
Regular and chaotic dynamics/A.J. Lichtenberg, M.A. Lieberman.—
2nd ed.
p. cm.—(Applied mathematical sciences; v. 38)
Includes bibliographical references and index.

1. Nonlinear oscillations. 2. Stochastic processes.
3. Hamiltonian systems. I. Lieberman, M.A. (Michael A.)
II. Title. IIL Series: Applied mathematical sciences (Springer-
Verlag New York Inc.); v. 38.
QA1.A647 vol. 38 1992
[QA867.5]
510 s—dc20
[531".32] 91-39849

This book is the second revised and expanded edition of “Regular and Stochastic Motion,”
which was published in the Applied Mathematical Sciences series Vol. 38 by Springer-Verlag
in 1983.

Printed on acid-free paper.

© 1983, 1992 Springer Science+Business Media New York
Originally published by Springer-Verlag New York, Inc in 1992.
Softcover reprint of the hardcover 2nd edition 1992

All rights reserved. This work may not be translated or copied in whole or in part without the
written permission of the publisher Springer Science+Business Media, LLC

except for brief excerpts in connection with reviews or scholarly

analysis. Use in connection with any form of information storage and retrieval, electronic
adaptation, computer software, or by similar or dissimilar methodology now known or hereafter
developed is forbidden.

The use of general descriptive names, trade names, trademarks, etc., in this publication, even if
the former are not especially identified, is not to be taken as a sign that such names, as
understood by the Trade Marks and Merchandise Marks Act, may accordingly be used freely
by anyone.

Production managed by Francine Sikorski; manufacturing supervised by Robert Paella.
Typeset by Integral Typesetting, Norfolk, UK.

987654321

ISBN 978-1-4419-3100-9 ISBN 978-1-4757-2184-3 (eBook)
DOI 10.1007/978-1-4757-2184-3



Contents

Preface to the Second Edition
Preface to the First Edition
List of Symbols

CHAPTER 1
Overview and Basic Concepts

1.1. An Introductory Note
*1.2. Transformation Theory of Mechanics
*1.2a. Canonical Transformations
*1.2b. Motion in Phase Space
*1.2c. Action-Angle Variables
1.3. Integrable Systems
*1.3a. One Degree of Freedom
1.3b. Linear Differential Equations
1.3c. More than One Degree of Freedom
1.3d. Noncanonical Variables and Reduction
*1.4. Near-Integrable Systems
*1.4a. Two Degrees of Freedom
*1.4b. More than Two Degrees of Freedom
1.5. Dissipative Systems
1.5a. Strange Attractors
1.5b. The Lorenz System

CHAPTER 2
Canonical Perturbation Theory

2.1. Introduction
2.1a. Power Series

2.1b. Asymptotic Series and Small Denominators

2.1c. The Effect of Resonances
*2.2. Classical Perturbation Theory
*2.2a. One Degree of Freedom
*2.2b. Two or More Degrees of Freedom

vii
ix
Xvii

[

~ -

21
24
25
29
32
44
48
48
60
62
63
65

70

70
73
75
77
78
78
83

xi



Xii

2.3. Adiabatic Invariance
*2.3a. Introduction and Basic Concepts
*2.3b. Canonical Adiabatic Theory
*2.3c. Slowly Varying Harmonic Oscillator
2.3d. Noncanonical Methods
2.4. Secular Perturbation Theory
*2.4a. Removal of Resonances
*2.4b. Higher-Order Resonances
*2.4c. Resonant Wave-Particle Interaction
2.4d. Global Removal of Resonances
2.5. Lie Transformation Methods
2.5a. General Theory
2.5b. Deprit Perturbation Series
2.5c. Adiabatic Invariants
2.6. Superconvergent Methods
2.6a. Kolmogorov’s Technique
2.6b. Singly Periodic Orbits

CHAPTER 3
Mappings and Linear Stability

*3.1. Hamiltonian Systems as Canonical Mappings
*3.1a. Integrable Systems
*3.1b. Near-Integrable Systems
*3.1c. Hamiltonian Forms and Mappings
*3.2. Generic Behavior of Canonical Mappings

*3.2a. Irrational Winding Numbers and KAM Stability
*3.2b. Rational Winding Numbers and Their Structure
*3.2c. Complete Description of a Nonlinear Mapping

*3.2d. Numerical Examples
3.3. Linearized Motion

*3.3a. Eigenvalues and Figenvectors of a Matrix

*3.3b. Two-Dimensional Mappings
3.3c. Linear Stability in Higher Dimensions
3.3d. General Stability Concepts
*3.4. Mapping Models
*3.4a. Physical Problems and Models
*3.4b. Numerical Results
*3.4c. Fixed Points and Linear Stability
*3.4d. Bifurcation Phenomena
*3.4e. Hamiltonian Formulation
*3.5. The Separatrix Motion
*3.5a. Driven One-Dimensional Pendulum
*3.5b. The Separatrix Mapping
3.6. Mappings from Perturbed Linear Oscillators
3.6a. Tiling of the Phase Space
3.6b. Phase Space Structure

Contents

93

93

96
100
102
109
110
117
122
128
133
135
136
141
149
152
154

162

164
164
167
169
174
174
183
188
191
195
196
200
208
210
215
216
220
223
226
229
231
231
236
237
238
241



Contents

CHAPTER 4
Transition to Global Stochasticity

*4.1.

*4.2.

4.3.

*4.4.

4.5.
4.6.
*4.7.

Introduction
*4.1a. Qualitative Description of Criteria
*4.1b. The Standard Mapping
Resonance Overlap
*4.2a. Rationale for Criteria
*4.2b. Calculation of Overlap Criteria
Growth of Second-Order Islands
4.3a. Elliptic Fixed Points
4.3b. The Separatrix
Stability of High-Order Fixed Points
*4.4a. The Basic Elements of Greene’s Method
*4.4b. Numerical Evaluation
Renormalization for Two Resonances
Nonexistence of Invariant Curves
Summary and Conclusions

CHAPTER 5
Stochastic Motion and Diffusion

5.1
5.2.

5.3.

*54.

5.5.

5.6.

5.7.

Introduction
Definitions and Basic Concepts
*5.2a. Ergodicity
*5.2b. Liapunov Characteristic Exponents
5.2c. Concepts of Stochasticity
5.2d. Randomness and Numerical Errors
Determination of Liapunov Exponents and KS Entropy
5.3a. Analytical Estimates
*5.3b. Numerical Methods
Diffusion in Action Space
*S.4a. The Fokker—Planck Equation
*5.4b. Transport Coeflicients
*5.4c. Steady-State and Transient Solutions
The Effects of Correlations
5.5a. Higher-Order Transport Corrections
5.5b. Diffusion near Critical K
5.5c. Long-Time Correlations and Averaging
5.5d. Quasiaccelerator Modes
The Effect of Extrinsic Stochastic Forces
5.6a. Introduction
5.6b. Diffusion in the Presence of Resonances
S.6¢c. Diffusion on Two Space and Time Scales
Slow Separatrix Crossings

xiii

245

245
247
250
258
258
259
264
265
268
271
271
276
281
289
291

293

293
294
294
296
302
309
312
314
315
320
321
324
326
328
328
339
342
345
349
349
353
357
363



Xiv

CHAPTER 6
Three or More Degrees of Freedom

*6.1. Resonance in Multidimensional Oscillations
*6.1a. Geometric Relations
*6.1b. Examples of Arnold Diffusion
6.2. Diffusion Rates Along Resonances
*6.2a. Stochastic Pump Diffusion Calculation
6.2b. Coupling Resonance Diffusion
6.2c. Many Resonance Diffusion
6.2d. Modulational Diffusion
6.3. Extrinsic Diffusion
6.3a. Resonance Streaming
6.3b. Diffusion of a Parameter
6.4. Diffusion in Toroidal Magnetic Fields
6.4a. Magnetic Islands
6.4b. Drift Surfaces and Diffusion in Static Fields
6.4c. Time-Varying Fields
6.4d. The Self-Consistent Problem
6.5. Many Degrees of Freedom
6.5a. Strongly Nonlinear Coupled Systems
6.5b. The Fermi—Pasta—Ulam Model and the
Korteveg—de Vries Equation
6.5c. Discretized Sine-Gordon Equation

CHAPTER 7
Bifurcation Phenomena and Transition
to Chaos in Dissipative Systems

7.1. Simple and Strange Attractors
7.1a. Basic Properties
7.1b. Simple Attractors and Their Bifurcations
7.1c. Examples of Strange Attractors
7.1d. Geometric Properties of Strange Attractors
7.2. One-Dimensional Noninvertible Maps
7.2a. Basic Properties
7.2b. Periodic Behavior
7.2c. Chaotic Motion
7.3. Bifurcation Phenomena in Two-Dimensional Maps
7.3a. Dissipative Maps
7.3b. Area-Preserving Maps

7.3c. Transition Between Hamiltonian and Dissipative Chaos

7.4. Circle Maps
7.4a. Basic Formalism
7.4b. Critical Behavior and Universality
T.4c. Supercritical Behavior
7.4d. Physical Examples
7.5. Intermittency
7.5a. Intermittency Mechanisms
7.5b. Renormalization-Group Analysis

Contents

373

373
374
380
386
387
393
397
399
406
406
413
418
418
425
428
436
437
440
443

450

457

457
458
461
468
474
478
478
482
497
508
509
512
519
525
526
529
532
534
537
538
542



Contents

7.5c. Power Spectra and Experimental Results
7.6. Crises and Basin Boundaries

7.6a. Crises

7.6b. Fractal Basin Boundaries
7.7. Determination of Homoclinic Intersection

CHAPTER 8
Chaotic Motion in Dissipative Systems

8.1. Transient Chaos
8.1a. Weak Dissipation
8.1b. Transient Chaos Near a Crisis
8.2. Invariant Distributions on Strange Attractors
8.2a. Reduction to a One-Dimensional Map
8.2b. Direct Iteration of an Initial Distribution
8.3. Multifractals and Their Properties
8.3a. Generalized Dimensions
8.3b. Scaling Index Spectrum
8.4. Reconstructing Dynamics

8.4a. Delay Coordinates and Embedding Dimension

8.4b. Statistical Quantities
8.4c. Short-Time Prediction
8.5. Spatio-Temporal Dynamics
8.5a. Maps on a Lattice
8.5b. Self-Organized Criticality
8.6. The Fluid Limit
8.6a. Fourier Mode Expansions
8.6b. The Transition to Turbulence
8.6c. Hamiltonian Chaos in Fluids

APPENDIX A
Applications

A.l. Planetary Motion

A.2.  Accelerators and Beams

A.3. Charged Particle Confinement
A4. Charged Particle Heating

A.5. Chemical Dynamics

A.6.  Quantum Systems

Bibliography
Author Index
Subject Index

XV

545
548
549
557
560

570

570
571
579
580
581
583
588
588
592
597
598
602
604
613
613
620
628
630
634
638

644

644
646
648
650
651
653

655
671
679





