


Mathematics of
the 19th Century

Edited by

A.N. Kolmogorov

A.P. Yushkevich Geome’fry

Translated from the Russian

by Roger Cooke AﬂOlYﬂC
Function
Theory
Birkhduser Verlag

Basel - Boston - Berlin



Editors’ addresses

AN. Kolmogorov 1 A.P. Yushkevich T

Moscow State University Institute of History of Science and Technology
Faculty of Mathematics and Mechanics Staropanski Pereulok 1/5

117 234 Moscow 103 012 Moscow

Russia Russia

Originally published as:
Matematika XIX veka: geometriya, teoriya analiticheskikh funkisii
© Izdatel'stvo «Nauka», Moskva 1981

All illustrations are taken from the originol Russian edition.

ISBN-13:978-3-0348-9933-8  e-ISBN-13:978-3-0348-9173-8
DOI: 10.1007/978-3-0348-9173-8

A CIP catalogue record for this book is available from the Library of Congress, Washington D.C., USA

Deutsche Bibliothek Cataloging-in-Publication Data
Mathematics of the 19th century / ed. by A. N. Kolmogorov ;
Einheitssacht.: Mathematika XIX veka <engl.>
Literaturangaben
NE: Kolmogorov, Andrej N. [Hrsg.]; EST
Geomelry, analytic function theory. - 1996
ISBN 3-7643-5048-2 (Basel...)
ISBN 0-8176-5048-2 (Boston)

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned,
specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting, reproduction on microfilms
or in other ways, and storage in data banks. For any kind of use, permission of the copyright owner must be obtained.

© 1996 Birkhduser Verlag, P.O.Box 133, CH-4010 Basel, Switzerland

Printed from the translator’s camera-ready manuscript on acid-free paper produced from chlorine-free pulp. TCF e
Cover design: Markus Etterich, Basel

987654321



Contents

Preface ...

Chapter 1. Geometry

(B. L. Laptev and B. A. Rozenfel’d) ......... ..o,
INTRODUCTION . e e
1. ANALYTIC AND DIFFERENTIAL GEOMETRY .....................
Analytic GEOmetry . ......ooii
The Differential Geometry of Monge’s Students ........................
Gauss’ Disquisitiones generales circa superficies curvas .................
Minding and the Formulation of the Problems of Intrinsic Geometry ....
The French School of Differential Geometry ............................
Differential Geometry at Midcentury ........ ...t
Differential Geometry in Russia ......... ... .. .o L.
The Theory of Linear Congruences ...........ooveviireenineennenennn...
2. PROJECTIVE GEOMETRY ...
The Rise of Projective Geometry ................ i,
Poncelet’s Traité des propriétés projectives des figures ..................
The Analytic Projective Geometry of Mobius and Plicker ..............
The Synthetic Projective Geometry of Steiner and Chasles .............
Staudt and the Foundation of Projective Geometry .....................
Cayley’s Projective Geometry ...........cocoiiiiiiiiiiiiiiiiniinininan.

ix



vi

Contents

3. ALGEBRAIC GEOMETRY AND GEOMETRIC ALGEBRA .......... 44
Algebraic CUIVES ...ttt e e e e 44
Algebraic Surfaces .........o i e 45
Geometric Computations Connected with Algebraic Geometry .......... 47
Grassmann’s Lineale Ausdehnungslehre ............ ... ... 47
Hamilton’s Vectors .........oooiiiiiiiii e 51

4. NON-EUCLIDEAN GEOMETRY ... ..o 53
Nikolai Ivanovich Lobachevskii and the

Discovery of Non-Euclidean Geometry .................c.cociia... 53
Gauss’ Research in Non-Euclidean Geometry ........... ...t 56
Janos BOlyal ... o7
Hyperbolic GEometry .........coointiuiiiii it 58
J. Bélyai’s “Absolute Geometry” ...... ... ... i, 61
The Consistency of Hyperbolic Geometry ................ .. ... ..., 62
Propagation of the Ideas of Hyperbolic Geometry ...................... 65
Beltrami’s Interpretation ......... ... ..o i 67
Cayley’s Interpretation ..............ooiiiiiiiiiiiiii i 69
Klein’s Interpretation ... e 71
Elliptic GeOmEtTY . ...ttt ittt e e e 72

5. MULTI-DIMENSIONAL GEOMETRY ......ciiiiiiiiiiiiiin.. 75
Jacobi’s Formulas for Multi-dimensional Geometry ..................... 75
Cayley’s Analytic Geometry of n Dimensions .......................... 76
Grassmann’s Multi-dimensional Geometry .............. ... ..ol 77
Pliicker’s Neue Geometrie des Raumes ..........c.ouuieeniieennneennns 78
Schléfli’s Theorie der vielfachen Kontinwitdt ............. .. ... ... ... 78
The Multi-dimensional Geometry of Klein and Jordan .................. 81
Riemannian Geometry ..........coiuueiiiiiiii i 83
Riemann’s Idea of Complex Parameters of Fuclidean Motions .......... 87
Riemann’s Ideas on Physical Space ... 87
The Work of Christoffel, Lipschitz, and Suvorov

on Riemannian GeOMEtTY ........o.vueieininiini i, 89
The Multi-dimensional Theory of Curves ...............oooiiiiiiin.. 90
Multi-dimensional Surface Theory ............c.cooiiiiiiiiiiiiiiit, 94
Multi-dimensional Projective Geometry ............... ... ... oLl 96

The Terminology of Multi-dimensional Geometry ....................... 96



Contents vii

6. TOPOLOGY ..ttt e e 97
Gauss’ Topology .. ..oviviit i e 97
Generalizations of Euler’s Theorem on Polyhedra

in the Early Nineteenth Century .......... .. .. ... .. oo iiiia.. 98
Listing’s Vorstudien zur Topologie ......... ... 99
Mobius’ “Theorie der elementaren Verwandschaft” ..................... 101
The Topology of Surfaces in Riemann’s

“Theorie der Abel’schen Funktionen” .......... .. ... .. .. .. ... .. 102
The Multi-dimensional Topology of Riemann and Betti ................. 103
Jordan’s Topological Theorems ........ ..o, 104
The “Klein Bottle” ... 105

7. GEOMETRIC TRANSFORMATIONS ...t 106
Geometric Transformations in the Work of Mdbius ..................... 106
Helmholtz’ Paper “Uber die Thatsachen, die der

Geometrie zu Grunde liegen” ....... ... i 107
Klein’s “Erlanger Programm” ............. ... .. ... i 109
Transference Principles ........ ..o 111
Cremona Transformations ..............coviiiiiiiiiiinniineanan.. 113

CONCLUSION .ot e e e e e e 115

Chapter 2. Analytic Function

(A. I Markushevich) .......ooiuii it 119
Results Achieved in Analytic Function Theory

in the Eighteenth Century ......... . .. . i i, 119
Development of the Concept of a Complex Number .................... 121
Complex Integration ......... .. i 125
The Cauchy Integral Theorem. Residues ............................... 128
Elliptic Functions in the Work of Gauss .......................... ... ... 132
Hypergeometric Functions ... 138
The First Approach to Modular Functions ............................. 145
Power Series. The Method of Majorants ...................coooiini.... 148
Elliptic Functions in the Work of Abel ................................. 153
C.G.J. Jacobi. Fundamenta nova functionum ellipticarum .............. 158
The Jacobi Theta Functions ...............coiiiiiiiiiiiii ... 162

Elliptic Functions in the Work of Eisenstein and Liouville.
The First Textbooks ..o 166



viii Contents

Abelian Integrals. Abel’s Theorem ........................c..cii... 173
Quadruply Periodic Functions .......... .. ... ... i, 178
Summary of the Development of Analytic Function Theory
over the First Half of the Nineteenth Century ........................ 183
V. Puiseux. Algebraic Functions ...............cciiiiiiiiiiiiiinne.n.. 189
Bernhard Riemann ......... ..o e 198
Riemann’s Doctoral Dissertation. The Dirichlet Principle ............... 201
Conformal Mappings .. ..ouuirrie i et e e 215
Karl Weierstrass ........couiiiiii i 220
Analytic Function Theory in Russia. Yu.V. Sokhotskii and
the Sokhotskii-Casorati-Weierstrass Theorem ........................ 227
Entire and Meromorphic Functions. Picard’s Theorem .................. 236
Abelian Functions ...........oieiitiii i e 247
Abelian Functions (Continuation) .............c..cooveviiiiniinnineen... 249
Automorphic Functions. Uniformization ............. ... ... ... ... 257
Sequences and Series of Analytic Functions ............................. 264
ConCIUSION ..ottt e 270
Literature
(F. A. Medvedev) ........ccouuiuiuni e 273
General WOTKS .. ...t e 273
Collected Works and Other Original Sources .....................co... 274
Auxiliary Literature to Chapter 1 .......... . ... . .. 278
Auxiliary Literature to Chapter 2 ......... ... ... ... i i 280

Index of Names (A. F. Lapko) .....oooveiiniiiiiiiiiiiiiiiiiiiiia 283



Preface

The general principles by which the editors and authors of the present edition
have been guided were explained in the preface to the first volume of Mathemat-
ics of the 19th Century, which contains chapters on the history of mathematical
logic, algebra, number theory, and probability theory (Nauka, Moscow 1978; En-
glish translation by Birkhduser Verlag, Basel-Boston-Berlin 1992). Circumstances
beyond the control of the editors necessitated certain changes in the sequence
of historical exposition of individual disciplines. The second volume contains two
chapters: history of geometry and history of analytic function theory (including
elliptic and Abelian functions); the size of the two chapters naturally entailed di-
viding them into sections. The history of differential and integral calculus, as well
as computational mathematics, which we had planned to include in the second
volume, will form part of the third volume.

We remind our readers that the appendix of each volume contains a list of
the most important litcrature and an index of names. The names of journals are
given in abbreviated form and the volume and year of publication are indicated; if
the actual year of publication differs from the nominal year, the latter is given in
parentheses. The book History of Mathematics from Ancient Times to the Early
Nineteenth Century [in Russian], which was published in the years 1970-1972, is
cited in abbreviated form as HM (with volume and page number indicated). The
first volume of the present series is cited as Bk. 1 (with page numbers).

The first chapter of this volume was read by Prof. P. K. Rashevskii, and
the second by Prof. E. D. Solomentsev; the entire volume was read by Prof.
A. D. Solov’ev. The authors and the editors are grateful to all three for useful ad-
vice and corrections. We also wish to express our gratitude to Prof. Taton (France),
Dr. E. Fellmann (Switzerland), and K. Jacobs (Federal Republic of Germany) who
kindly provided us with a number of portraits.

The first volume of Mathematics of the 19th Century was published at the
same time as the Abrégé d’histoire des mathématiques, 1700-1900, edited by
J. Dieudonné (Hermann: Paris, 1978, T. 1, 2).

The editors announce with deep sorrow that after the manuscript of this book
had been completed one of its authors passed away. Academician Aleksel Ivanovich
Markushevich (2.4.1908-4.6.1979) of the Academy of Pedagogical Sciences of the
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USSR was one of the editors of the first two volumes in the series. Articles and
obituaries dedicated to the memory of this prominent scholar and activist in the
field of popular education have appeared in many Soviet journals.

It should be remarked that Markushevich had communicated certain impor-
tant conclusions of his research, relating in particular to the connections between
the doctoral dissertation of B. Riemann and the papers of A. Cauchy and V.
Puiset immediately preceding it, in a paper given at the International Congress of
Mathematicians in Helsinki (1978) and published in expanded form in Issue XXV
of Hemopuro-Mamemamunecrkue Hecaedosanus (1980). These conclusions were
subsequently confirmed completely by the Ziirich scholar E. Neuenschwander, who
studied the papers of Riemann from the period of his doctoral dissertation, which
are kept in the archives of the University of Gottingen.

Moscow, 3 June 1980

A. N. Kolmogorov
A. P. Yushkevich



