Janos Kollar

Rational Curves
on
AlgebraicVarieties




Janos Kollar

Department of Mathematics

Fine Hall, Washington Road
Princeton University

Princeton, NJ 08544-1000, USA
e-mail: kollar@math.princeton.edu

The Library of Congress has cataloged the original printing as follows:

Library of Congress Cataloging-tn-Publication Data

Kollar, Janos.
Ratfonal curves on aigebraic varieties / Janos Kollar,

p. ca. -- (Ergebnisse der Mathematik und ihrer Grenzgebiete :
3. Folge, Bd. 32)
Includes bibliographical references (p. - ) and index.

1. Curves, Algebraic. 2. Algebraic varieties. I. Title.
II. Sertes.
QA585.K74 1996
516.3'5--dc20 96-42735
CIP

Corrected Second Printing 1999

Mathematics Subject Classification (1991):
14-02, 14C05, 14E30, 14326, 14]J45, 14M20, 14C40, 14E35, 14H10,
14110

ISSN 0071-1136
ISBN 978-3-642-08219-1 ISBN 978-3-662-03276-3 (eBook)
DOI 10.1007/978-3-662-03276-3

This work is subject to copyright. All rights are reserved, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting. reuse of illustrations,
recitation, broadcasting. reproduction on microfilms or in any other ways. and storage in data
banks. Duplication of this publication or parts thereof is permitted only under the provisions of
the German Copyright Law of September 9. 1965, in its current version, and permission for use
must always be obtained from Springer-Verlag. Violations are liable for prosecution under the
German Copyright Law.

© Springer-Verlag Berlin Heidelberg 1996

Originally published by Springer-Verlag Berlin Heidelberg New York in 1996.
Softcover reprint of the hardcover 1st edition 1996

Typesetting: Data conversion by Springer-Verlag

SPIN 10930984 44/3111 - 543 2 1 - Printed on acid-free paper



Contents

Introduction ......... ... .. . e 1
Chapter 1. Hilbert Schemes and Chow Varieties ............ 5
I.1  Construction of the Hilbert Scheme ........................ 8
I.2  Infinitesimal Study of the Hilbert Scheme ................... 20
I3 Chow Varieties ............c i, 40
I.4  Chow Varieties in Positive Characteristic ................... 62
I.5 Related Moduli Problems ................................. 73
1.6  Comparing Chow Varieties and Hilbert Schemes ............. 78
1.7  Appendix: Some Results from Commutative Algebra ......... 83
Chapter II. Curves on Varieties ............................ 90
II.1 Deformations of Morphisms of Curves ...................... 92
II.2  Families of Rational Curves ..................coiiiiiinn... 103
II.3 Free Morphismsof Curves .............cooiiiiiiiiieennn, 113
114 Coneof Curves .........c.oiiiiiiiiniiiiiie ... 121
II5 Bendand Break .............. .. ... . i ... 134
I1.6  Application: A Vanishing Theorem for H* .................. 148
II.7  Smoothing of Morphisms of Curves ........................ 154
Chapter III. The Cone Theorem and Minimal Models ...... 159
III.1 The Cone Theorem ...............ciiiiiiiinnnnn.. .. 160
II1.2 Minimal Models of Surfaces ............................... 167
ITI1.3 Del Pezzo Surfaces ..........c.oviiiiiiiiiniiiinnnnnnn.. 171
Chapter IV. Rationally Connected Varieties ................ 179
IV.1 Ruled and Uniruled Varieties .............................. 181
IV.2 Minimizing Families of Rational Curves .................... 192
IV.3 Rationally Connected Varieties ............................ 198
IV.4 Growing Chains of Rational Curves ........................ 209
IV.5 Maximal Rationally Connected Fibrations .................. 222

IV.6 Rationally Connected Varieties over Nonclosed Fields ........ 228



VIII Contents

Chapter V. Fano Varieties .................................. 238
V.1 Low Degree Rational Curves on Fano Varieties .............. 239
V.2 Boundedness of Fano Varieties ............................ 250
V.3 Characterizations of P™ . ... ... ... ... .. .. i 257
V.4 Lines on Fano Hypersurfaces .............................. 265
V.5 Nonrational Fano Varieties ................................ 272
Chapter VI. Appendix .......... ... .. ... ... ... ... ....... 285
VI.1 Rational Curves on Exceptional Loci ....................... 286
VI.2 Intersection Numbers of Divisors and

Asymptotic Riemann-Roch ............................... 292
References ......... ... .. i 308





