WEIGHTED INEQUALITIES IN
LORENTZ AND ORLICZ SPACES

Vakhtang Kokilashvili

Institute of Mathematics
Georgian Acad. Sci., Thilisi

Miroslav Krbec

Institute of Mathematics
Czechoslovak Acad. Sci., Prague

\\:e World Scientific

Singapore * New Jersey * London e Hong Kong



Published by

World Scientific Publishing Co. Pte. Lid.

P O Box 128, Farrer Road, Singapore 9128

USA office: Suite 1B, 1060 Main St., River Edge, NJ 07661
UK office: 73 Lynton Mead, Totteridge, London N20 8DH

Library of Congress Cataloging-in-Publication data is available.

WEIGHTED INEQUALITIES IN LORENTZ AND ORLICZ SPACES
Copyright © 1991 by World Scientific Publishing Co. Pte. Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced in any form
or byanymeans, electronic or mechanical, including photocopying, recording or any
information storage and retrieval system now known or to be invented, without
wrillen permission from the Publisher.

ISBN 981-02-0612-7

Printed in Singapore by Utopia Press.



CONTENTS

Foreword

Chapter 1 Integral operators in nonweighted Orlicz classes

1.1 Preliminaries, Orlicz Classes and Spaces,
Quasiconvex functions

1.2 Maximal functions in @(L) classes

1.3 Vector-valued maximal functions in (L) classes

1.4 Riesz transforms in @(L) classes

1.5 Vector-valued Riesz transforms in ®(L) classes
Notes to Chapter 1

Chapter 2 Maximal functions and potentials
in weighted Orlicz classes

2.1 One weight inequality for the maximal functions
in reflexive Orlicz spaces
2.2 Two weight inequalities of weak type
2.3 Another characterization of Ao
2.4 One-sided maximal function
2.5 Carleson measures
2.6 Fractional order maximal functions and Riesz potentials
2.7 Another variant of M
Notes to Chapter 2

Chapter 3 Singular integrals in weighted Orlicz classes

3.1 Riesz transforms in Orlicz spaces
3.2 Multiple singular integrals in Orlicz spaces
3.3 Weighted inequalities of weak type for the Hilbert transform
3.4 Weighted inequalities of strong type for the Hilbert transform
3.5 The Hilbert transform of odd functions

Notes to Chapter 3

X1

vil

15
24
29
31

32
46
56
60
68
74
84
95

97
100
104
113
117
121



xii Contents

Chapter 4 Integral operators in weighted Zygmund classes

4.1 Maximal function in weighted Llog L

4.2 Hilbert transform in Zygmund classes

4.3 One weight inequality for the strong maximal function
Notes to Chapter 4

Chapter 5 Fractional maximal function in weighted
Lorentz spaces

5.1 Fractional maximal functions in Lorentz spaces

5.2 Three weight weak type inequalities for fractional maximal function.

One weight strong type inequality
5.3 Maximal functions in spaces L2}
5.4 Three weight inequalities
for generalized fractional order maximal functions
5.5 Restricted weighted inequalities of weak type
for generalized fractional order maximal functions
Notes to Chapter 5

Chapter 6 Potentials and Riesz transforms in weighted
Lorentz spaces

6.1 Three weight estimates for integrals with positive kernels
6.2 Two weight inequalities for potentials
6.3 One weight inequality for the Riesz potentials
6.4 Three weight inequalities with critical exponent
6.5 Three weight estimate for generalized potentials
6.6 Riesz transform in weighted Lorentz spaces
Notes to Chapter 6

Problems
References

Index

123
126
133
142

143

153
159

163

166
170

171
179
190
192
197
206
208

210
213
231





