
Combinatorics of Spreads 
and Parallelisms

Norman L. Johnson
University of Iowa
Iowa City, U.S.A.

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



CRC Press
Taylor & Francis Group
6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2010 by Taylor and Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed in the United States of America on acid-free paper
10 9 8 7 6 5 4 3 2 1

International Standard Book Number: 978-1-4398-1946-3 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts 
have been made to publish reliable data and information, but the author and publisher cannot assume 
responsibility for the validity of all materials or the consequences of their use. The authors and publishers 
have attempted to trace the copyright holders of all material reproduced in this publication and apologize to 
copyright holders if permission to publish in this form has not been obtained. If any copyright material has 
not been acknowledged please write and let us know so we may rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmit-
ted, or utilized in any form by any electronic, mechanical, or other means, now known or hereafter invented, 
including photocopying, microfilming, and recording, or in any information storage or retrieval system, 
without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright.
com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood 
Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and 
registration for a variety of users. For organizations that have been granted a photocopy license by the CCC, 
a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used 
only for identification and explanation without intent to infringe.

Library of Congress Cataloging‑in‑Publication Data

Johnson, Norman L. (Norman Lloyd), 1939-
Combinatorics of spreads and parallelisms / Norman L. Johnson.

p. cm. --  (Pure and applied mathematics)
Includes bibliographical references and index.
ISBN 978-1-4398-1946-3 (hardcover : alk. paper)
1.  Vector spaces. 2.  Algebraic spaces. 3.  Geometry, Projective. 4. Incidence algebras.  

I. Title. II. Series.

QA186.J64 2010
512’.52--dc22 2010018110

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com 

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



Contents

Preface xv

Part 1. Partitions of Vector Spaces 1

Chapter 1. Quasi-subgeometry Partitions 3
1. Collineation Groups of Translation Geometries 10

Chapter 2. Finite Focal-Spreads 15
1. Towers of Focal-Spreads 16
2. Focal-Spreads and Coordinatization 18
3. k-Cuts and Inherited Groups 20
4. Spread-Theoretic Dual of a Semifield 26
5. The Dual Semifield Plane 26
6. The Six Associated Semifields 29
7. Symplectic Spreads 32
8. Additive Focal-Spreads 35
9. Designs, and Multiple-Spreads 38
10. Focal-Spreads from Designs 39

Chapter 3. Generalizing André Spreads 43
1. A Primer on André Planes 44
2. r-(sn, q)-Spreads 45
3. Multiple Extended Replacements 55
4. Large Groups on t-Spreads 57

Chapter 4. The Going Up Construction for Focal-Spreads 61
1. The ‘Going Up’Construction 63
2. Generalization to Partitions with Many Spread Types 65
3. Going Up—Direct Sums 69

Part 2. Subgeometry Partitions 71

Chapter 5. Subgeometry and Quasi-subgeometry Partitions 73

Chapter 6. Subgeometries from Focal-Spreads 83
1. k-Cuts of Subgeometry Partitions 83

ix

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



x CONTENTS

2. Additive k-Cuts 85
3. Right/Left Focal-Spreads 86
4. Hyperplane Constructions 88

Chapter 7. Extended André Subgeometries 91

Chapter 8. Kantor’s Flag-Transitive Designs 97
1. Kantor’s Class I 97
2. Kantor’s Class II 99
3. mth-Root Subgeometry Partitions 101
4. Subgeometries from Kantor’s Class I 101
5. Subgeometries from Kantor’s Class II 104

Chapter 9. Maximal Additive Partial Spreads 111
1. Direct Sums of Semifields 114
2. Subfields of Order 4 in Knuth Semifields 117
3. The Commutative Kantor Semifields 120

Part 3. Subplane Covered Nets and Baer Groups 125

Chapter 10. Partial Desarguesian t-Parallelisms 127
1. A Primer on Subplane Covered Nets 127
2. Projective Spreads and Affi ne Nets 130

Chapter 11. Direct Products of Affi ne Planes 141
1. Desarguesian Products 144
2. Left Spreads and Left Partial Spreads 147
3. Desarguesian Left Parallelisms—Right Spreads 150

Chapter 12. Jha-Johnson SL(2, q)× C-Theorem 155

Chapter 13. Baer Groups of Nets 163
1. Left and Right in Direct Product Nets 165
2. Point-Baer Subplanes in Vector Space Nets 170
3. Translation Planes with Baer Groups 178
4. Spreads in PG(3, K) 187

Chapter 14. Ubiquity of Subgeometry Partitions 195
1. Jha-Johnson Lifting Theorem 196
2. Double-Baer Groups 201
3. Fusion of Baer Groups 203
4. Double-Homology Groups 206
5. Dempwolff’s Double-Baer Groups 208
6. Subgeometry Partitions from Going Up 210
7. Algebraic Lifting of Focal-Spreads 211

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



CONTENTS xi

Part 4. Flocks and Related Geometries 215

Chapter 15. Spreads Covered by Pseudo-Reguli 217
1. Pseudo-Reguli 217
2. Conical and Ruled Spreads over Skewfields 223

Chapter 16. Flocks 231
1. Conical Flocks 231
2. Hyperbolic Flocks 235
3. Partial Flocks of Deficiency One 240
4. Point-Baer Groups and Partial Flocks 240
5. Deficiency One Partial Conical Flocks 242
6. Deficiency One Partial Hyperbolic Flocks 246
7. The Theorem of Johnson, Payne-Thas 250

Chapter 17. Regulus-Inducing Homology Groups 253

Chapter 18. Hyperbolic Fibrations and Partial Flocks 267

Chapter 19. j-Planes and Monomial Flocks 273
1. Hyperbolic Fibrations over the Reals 277
2. Classification of the Real j-Planes 281

Part 5. Derivable Geometries 285

Chapter 20. Flocks of α-Cones 287
1. Maximal Partial Flokki and α-Flocks 290
2. Deficiency One and Baer Groups 293
3. K-Flokki and Algebraic Lifting 294
4. Net Replacement in the Hughes-Kleinfeld Planes 295

Chapter 21. Parallelisms of Quadric Sets 301
1. The Thas, Bader-Lunardon Theorem 302
2. Parallelisms of Hyperbolic Quadrics 303
3. Bol Planes 305
4. Parallelisms of α-Cones 309

Chapter 22. Sharply k-Transitive Sets 313
1. Subsets of PΓL(n,K) 314
2. Subsets in PΓL(n, q) of Deficiency 1 317
3. The Parallelisms of Bonisoli 322

Chapter 23. Transversals to Derivable Nets 327
1. Algebraic Extensions of Derivable Nets 328
2. Geometric Extension of Derivable Nets 330
3. Planar Transversal Extensions 332

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



xii CONTENTS

4. Semifield Extension-Nets 337

Chapter 24. Partially Flag-Transitive Affi ne Planes 345
1. Derivable Affi ne Planes with Nice Groups 350

Chapter 25. Special Topics on Parallelisms 365
1. Transversal Spreads and Dualities of PG(3, K) 365
2. Skew Parallelisms 365

Part 6. Constructions of Parallelisms 369

Chapter 26. Regular Parallelisms 371
1. Infinite Regular Parallelisms 371
2. The Set of 2-Secants 374
3. Isomorphisms of Transitive Parallelisms 377
4. Finite Regular Parallelisms 379
5. The Penttila-Williams Construction 380

Chapter 27. Beutelspacher’s Construction of Line Parallelisms 387
1. Extension of Beutelspacher’s Theorem 388
2. Applications of Beutelspacher’s Construction. 391

Chapter 28. Johnson Partial Parallelisms 395
1. Isomorphisms 399
2. The Derived Parallelisms 411

Part 7. Parallelism-Inducing Groups 415

Chapter 29. Parallelism-Inducing Groups for Pappian Spreads 419

Chapter 30. Linear and Nearfield Parallelism-Inducing Groups 427
1. Parallelism-Inducing Subgroups of GL(2, q2) 431
2. The General Nearfield Parallelism-Inducing Group 433
3. Isomorphisms of Group-Induced Parallelisms 434
4. Nearfield Parallelism-Inducing Groups 436
5. Finite Regular Nearfield Groups 439
6. m-Parallelisms 441

Chapter 31. General Parallelism-Inducing Groups 449
1. The Isomorphisms of Kantor-Knuth Type Parallelisms 454
2. Finite Regulus-Inducing Elation Groups 457
3. Finite General Parallelism-Inducing Groups 461
4. Minimal Linear Parallelism-Inducing Groups 464
5. Relative Linear Parallelism-Inducing Groups 465
6. Existence of Minimal Groups 472

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



CONTENTS xiii

7. Determination of the Minimal Groups 475
8. General Isomorphisms from Minimal Groups 478
9. Isomorphic Kantor-Knuth Parallelisms 481
10. Even Order 484
11. Derived Parallelisms 486

Part 8. Coset Switching 489

Chapter 32. Finite E-Switching 491
1. E-and Desarguesian Switches 491
2. The Switches of Desarguesian Spreads 493
3. Coset Switching again with Desarguesian Spreads 496
4. An Upper Bound 499
5. Upper Bound, Even Order 502

Chapter 33. Parallelisms over Ordered Fields 507

Chapter 34. General Elation Switching 515
1. Deficiency One Transitive Groups 520
2. Switching Theorem over Ordered Fields 524

Chapter 35. Dual Parallelisms 529
1. The Isomorphisms of the Dual Parallelisms 534

Part 9. Transitivity 543

Chapter 36. p-Primitive Parallelisms 545
1. Biliotti-Jha-Johnson p-Primitive Theorem 546
2. Transitive Parallelisms 552
3. Biliotti, Jha, Johnson– Transitive Classification 552
4. Johnson’s Classification of 2-Transitive Parallelisms 552

Chapter 37. Transitive t-Parallelisms 555
1. Johnson-Montinaro t-Transitive Theorem 555
2. Transitive Parallelisms of PGL(2r − 1, 2) 555
3. Isomorphisms of the Transitive Parallelisms 559

Chapter 38. Transitive Deficiency One 561
1. BJJDJM-Classification Theorem 561
2. Deficiency One– The Spreads Are Isomorphic 576
3. The Full Group 576

Chapter 39. Doubly Transitive Focal-Spreads 583
1. Johnson-Montinaro; Elementary Abelian Case 585

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 



xiv CONTENTS

Part 10. Appendices 591

Chapter 40. Open Problems 593
1. Non-standard Groups and Non-standard Parallelisms 594

Chapter 41. Geometry Background 609

Chapter 42. The Klein Quadric 613
1. The Thas-Walker Construction 614

Chapter 43. Major Theorems of Finite Groups 617
1. Subgroups of PSL(2, q) 617
2. The Lists of Mitchell and Hartley 618
3. Finite Doubly Transitive Groups 620
4. Primitive Subgroups of ΓL(4, q) 620
5. Aschbacher’s Theorem 621
6. Guralnick-Penttila-Praeger-Saxl Theorem 623
7. O’Nan-Scott Theorem 624
8. Dye’s Theorem 625
9. Johnson-Montinaro t-Transitive Theorem 625

Chapter 44. The Diagram 631

Bibliography 633

Index 643

© 2010 by Taylor and Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

19
3.

20
6.

10
1.

2]
 a

t 0
0:

58
 1

4 
O

ct
ob

er
 2

01
4 


	Combinatorics of Spreads and Parallelisms
	Contents




