Brian Jefferies

Spectral Properties of
Noncommuting Operators

@®): Springer



Author

Brian Jefferies

School of Mathematics
University of New South Wales
Sydney, NSW, 2052

Australia

e-mail: b.jefferies@unsw.edu.au
http://www.maths.unsw.edu.au/ brianj

Library of Congress Control Number: 2004104471

Mathematics Subject Classification (2000):
47A13, 47A60, 30G35, 42B20

ISSN 0075-8434
ISBN 3-540-21923-4 Springer-Verlag Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer-Verlag. Violations are
liable for prosecution under the German Copyright Law.

Springer-Verlag is a part of Springer Science + Business Media
http://www.springeronline.com

(© Springer-Verlag Berlin Heidelberg 2004

Printed in Germany

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting: Camera-ready TgX output by the authors
SPIN: 11001249 41/3142/du - 543210 - Printed on acid-free paper



Contents

1 Introduction........... ... .. .. . . . . 1
2 Weyl Calculus ....... . 13
2.1 Background........ ... 13

2.2 Operators of Paley-Wiener Type s........ ... ... .. ..... 16

2.3 The Joint Spectrum ......... .. .. .. 21

3 Clifford Analysis...... ..., 27
3.1 Clifford Algebras .. ... ..ot 27

3.2 Banach Modules......... ... ... . . i 29

3.3 Cauchy Formula........ ... ... .. .. 30

3.4 Vector Valued Functions. ......... ... . ... ... ... ....... 32

3.5 Monogenic Expansions . ............. .. .. i 33

3.6 Monogenic Representation of Distributions ................. 35

3.7 Plane Wave Decomposition ............ ... . ... .. 35

3.8 Approximation ........... .. 36

4  Functional Calculus for Noncommuting Operators ......... 39
4.1 The Weyl Calculus and the Cauchy Kernel ................. 39

4.2 The Joint Spectrum and the Cauchy Kernel ................ 44

4.3 The Monogenic Functional Calculus ....................... 52

4.4 Spectral Decomposition .............c..iiiiii . 60

5 The Joint Spectrum of Matrices ........................... 67
5.1 Nelson’s Formula for Hermitian Matrices ................... 67

5.2 Exponential Bounds for Matrices .......................... 73
5.2.1 Perturbation............ ... . . 74

5.2.2 The Exponential Bound ............... .. ... ... ... 77

5.3 The Joint Spectrum of Pairs of Hermitian Matrices .......... 80
5.3.1 The Numerical Range of Matrices ................... 81

5.3.2 Examples ....... .. 88

5.3.3 The Joint Spectrum of Two Hermitian Matrices . ... ... 88



VIII  Contents
5.4 Simultaneously Triangularisable Matrices . .................. 104
5.4.1 Disintegration of Measures ......................... 106
5.4.2 The Image of Simplicial Measure .................... 107
5.4.3 Joint Spectrum of Triangularisable Matrices .......... 110
5.5 Systems of Matrices ....... ... 111
6 The Monogenic Calculus for Sectorial Operators........... 123
6.1 The H°-Functional Calculus for a Single Operator .......... 124
6.2 The Cauchy Kernel for n Sectorial Operators ............... 126
6.3 Monogenic and Holomorphic Functions in Sectors ........... 130
6.3.1 Joint Spectral Theory in the Algebra C(,y ............ 130
6.3.2 Plane Wave Decompositions ........................ 135
6.3.3 Bounded Monogenic Functions in a Sector ............ 137
6.4 Bounded Holomorphic Functions in Sectors ................. 140
6.4.1 Sectorsin C™ ... ... 140
6.4.2 Fourier Analysis in Sectors .......... ... ... ... .... 142
6.5 'The Monogenic Calculus for n Sectorial Operators........... 153
7 Feynman’s Operational Calculus . .......................... 157
7.1 Operants for the Weyl Calculus ........... .. .. ... .. .. 157
7.2 Feynman’s p-Operational Calculus for n Operators .......... 160
7.3 The p-Monogenic Calculus for n Operators ................. 165
References. .. ... ... .. .. i 173
Index of Notation ......... ... ... ... ... .. . . ... 181



	Title
	Preface
	Contents



