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Includes bibliographical references and index.
ISBN 0-8218-3160-7 (acid-free paper)
1. Automorphic functions. 2. Automorphic forms. 3. Spectral theory (Mathematics)

I. Title. II. Series.

QA353.A9 I88 2002
511.3′3—dc21 2002027749

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy a chapter for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for such
permission should be addressed to the Acquisitions Department, American Mathematical Society,
201 Charles Street, Providence, Rhode Island 02904-2294, USA. Requests can also be made by
e-mail to reprint-permission@ams.org.

c© 2002 by Henryk Iwaniec. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at http://www.ams.org/

10 9 8 7 6 5 4 3 2 17 16 15 14 13 12



Contents

Preface ix

Preface to the AMS Edition xi

Introduction 1

Chapter 0. Harmonic Analysis on the Euclidean Plane 3

Chapter 1. Harmonic Analysis on the Hyperbolic Plane 7

1.1. The upper half-plane 7

1.2. H as a homogeneous space 12

1.3. The geodesic polar coordinates 15

1.4. Group decompositions 16

1.5. The classification of motions 17

1.6. The Laplace operator 19

1.7. Eigenfunctions of Δ 19

1.8. The invariant integral operators 26

1.9. The Green function on H 32

Chapter 2. Fuchsian Groups 37

2.1. Definitions 37

2.2. Fundamental domains 38

2.3. Basic examples 41

2.4. The double coset decomposition 45

v



vi Contents

2.5. Kloosterman sums 47

2.6. Basic estimates 49

Chapter 3. Automorphic Forms 53

3.1. Introduction 53

3.2. The Eisenstein series 56

3.3. Cusp forms 57

3.4. Fourier expansion of the Eisenstein series 59

Chapter 4. The Spectral Theorem. Discrete Part 63

4.1. The automorphic Laplacian 63

4.2. Invariant integral operators on C(Γ\H) 64

4.3. Spectral resolution of Δ in C(Γ\H) 68

Chapter 5. The Automorphic Green Function 71

5.1. Introduction 71

5.2. The Fourier expansion 72

5.3. An estimate for the automorphic Green function 75

5.4. Evaluation of some integrals 76

Chapter 6. Analytic Continuation of the Eisenstein Series 81

6.1. The Fredholm equation for the Eisenstein series 81

6.2. The analytic continuation of Ea(z, s) 84

6.3. The functional equations 86

6.4. Poles and residues of the Eisenstein series 88

Chapter 7. The Spectral Theorem. Continuous Part 95

7.1. The Eisenstein transform 96

7.2. Bessel’s inequality 98

7.3. Spectral decomposition of E(Γ\H) 101

7.4. Spectral expansion of automorphic kernels 104

Chapter 8. Estimates for the Fourier Coefficients of Maass Forms 107

8.1. Introduction 107

8.2. The Rankin–Selberg L-function 109

8.3. Bounds for linear forms 110

8.4. Spectral mean-value estimates 113



Contents vii

8.5. The case of congruence groups 116

Chapter 9. Spectral Theory of Kloosterman Sums 121

9.1. Introduction 121

9.2. Analytic continuation of Zs(m,n) 122

9.3. Bruggeman–Kuznetsov formula 125

9.4. Kloosterman sums formula 128

9.5. Petersson’s formulas 131

Chapter 10. The Trace Formula 135

10.1. Introduction 135

10.2. Computing the spectral trace 139

10.3. Computing the trace for parabolic classes 142

10.4. Computing the trace for the identity motion 145

10.5. Computing the trace for hyperbolic classes 146

10.6. Computing the trace for elliptic classes 147

10.7. Trace formulas 150

10.8. The Selberg zeta-function 152

10.9. Asymptotic law for the length of closed geodesics 154

Chapter 11. The Distribution of Eigenvalues 157

11.1. Weyl’s law 157

11.2. The residual spectrum and the scattering matrix 162

11.3. Small eigenvalues 164

11.4. Density theorems 168

Chapter 12. Hyperbolic Lattice-Point Problems 171

Chapter 13. Spectral Bounds for Cusp Forms 177

13.1. Introduction 177

13.2. Standard bounds 178

13.3. Applying the Hecke operator 180

13.4. Constructing an amplifier 181

13.5. The ergodicity conjecture 183

Appendix A. Classical Analysis 185

A.1. Self-adjoint operators 185



viii Contents

A.2. Matrix analysis 187

A.3. The Hilbert–Schmidt integral operators 189

A.4. The Fredholm integral equations 190

A.5. Green function of a differential equation 194

Appendix B. Special Functions 197

B.1. The gamma function 197

B.2. The hypergeometric functions 199

B.3. The Legendre functions 200

B.4. The Bessel functions 202

B.5. Inversion formulas 205

References 209

Subject Index 215

Notation Index 219


