Lecture Notes In
Mathematics

Edited by A. Dold and B. Eckmann

1279

Dorin lesan

SaintVenant's Problem

SpringerVerlag

Berlin Heidelberg New York London Paris Tokyo



Author

Dorin legan
Department of Mathematics, University of lagi
6600 lagi, Rumania

Mathematics Subject Classification {1980): 73C10, 73C20, 73C25, 73C30,
73C40, 73K05, 73B25, 35J55

ISBN 3-540-18361-2 Springer-Verlag Berlin Heidelberg New York
ISBN 0-387-18361-2 Springer-Verlag New York Berlin Heidelberg

Library of Congress Cataloging-in-Publication Data. legan, Dorin. Saint-Venant's problem. (Lecture
notes in mathematics; 1279) Bibliography: p. Includes index. 1. Saint-Venant's principle.

2. Elasticity. 3. Cylinders. |. Title. Il. Series: Lecture notes in mathematics (Springer-Verlag; 1279.
QA3.L28 no. 1279 [QAQ931] 510 s 87-23553 ISBN 0-387-18361-2 (U.S.) [624.1'772]

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation,
broadcasting, reproduction on microfilms or in other ways, and storage in data banks. Duplication
of this publication or parts thereof is only permitted under the provisions of the German Copyright
Law of September 9, 1965, in its version of June 24, 1985, and a copyright fee must always be
paid. Violations fall under the prosecution act of the German Copyright Law.

© Springer-Verlag Berlin Heidelberg 1987
Printed in Germany

Printing and binding: Druckhaus Beltz, Hemsbach/Bergstr.
2146/3140-543210



INTRODUCTION

A major concern throughout the history of elasticity has been with
problems dictated by the demands of engineering. Interest in the
congtruction of a theory for the deformation of elastiec cylinders
dstes back to Coulomb, Ngvier and Cauchy. However, only Saint-
Venant has been able to give a solution of the problem.

The importance of Beint-Venant's celebrated memoirs [132,133],
on what has long since become lknown as Saint-Venant's problem re-~
quires no emphasis. To review the vast literature to which the work
contained in [132,133] hes given impetus is not our intention. An
account of the historicsl developments as well as references o va-
rious contributions, may be found in the books and in some of the
papers clted,

We recall that Saint-Vensni's problem consists in determining
the equilibrium of a homogeneous and isotropic linearly elastic cy-
linder, loaded by surface forces distributed over its plane ends.
Saint-Venant proposed an approximetion to the solution of the fhree-
dimensional problem, which only requires the solution of two-dimen-
sionsl problems in the cross section of the cylinder. Ssint-Venant's
formulation leads to the four basic problems of extension, bending,
torsion and flexure. His analysis is founded on physical intuition
and elementary besm theory. Sainf-Venant's extension, bending, tor—
tion, and flexure solutions are well-known (see, for example, Love
{987, Chapters 14,15 and Sokolnikoff {139], Chapter 4).

Saint-Venant's approach of the problem is based on 8 releaxed
statement in which the pointwise assignment of the terminal trac-
tions is replaced by prescribing the corresponding resultant for-
ce and resultant moment. Justification of %the procedure is twofold.
First, it is difficult in practice to determine the actual distri-
bution of applied stresses on the ends, although the resultant for-
ce and moment can be measured accurately. Second, one invokes Saint-
Venant's principle. This principle ststes, roughly speaking, that
if two sets of loadings are ststically equivalent at each end, then
the difference in stress fields and strain fields are negligible,
except possibly near the ends. The precise meaning of Saint-~Venant's
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hypothesis and its Jjustification have been the subject of many stu-
dies, almost from the f%time of the original Saint-Venant's papers.
Reference to some of the early investigations of the question will
be found in [981,{139],[140]. In recent years important steps to-
ward clsrifying Ssint-Venant's principle have been made. The clas-—
gic paper in linear elasticity is by Toupin [146] (see also, 6.8
Roseman [128), knowles [84) and Fichersas [39,40] for further impor-
tant developments)., For the history of the problem end the detai-
led analysis of various results on Saint~-Venant's principle we re-
fer to the works of M.E.Gurtin (471, GeFichera [38], C.O.Horgan
and J.K.Knowles [ 53].

The relaxed Saint~Venant's problem continues to attract stten-
tion both from the mathematical and the technicsl point of view.

It is obvious that the relaxed statement of the problem fails
to characterize the solution uniquely. This fect led various
authors to establish cherscterizations of Ssint~-Venant's solution.
Thus, Clebsch [24] proved thet Seint-Venanti's solution can be de-
rived from the assumption that the stress vector on any plane nor-
mgl to the cross-sections of the cylinder is parallel %o its ge-
nerstors. In [155], Voigt rediscovered Seint-Venant's solution by
using another assumption regarding the structure of the stress
fields Thus, Seint~Venant's extension, bending and torsion solu-
tions are derived from the hypothesis that the stress fileld is in=-
dependent of the axisl coordinate, end Saint-Venant's flexure so=-
lution is obtained if the stress field depends on the axlial coor-
dinate at most linearly.

E.Sternberg end J.K.Knowles [143] characterized Saint-Venant's
solutions in terms of certsin associsted minimum strain-energy
properties. Other intrinsic criteria thst distinguish Saint-
Venant's solutions among sll tbe solutions of the relaxed problem
were established in [79]. In [79], a rational scheme of deriving
Saint-Venasnt's solutions is presented. The advantage of this me~-
thod is that it does not involve artificizl a priori assumptions.
The method permits %o comstruct a solution of the relaxed Saint-
Venant's problem for other kinds of constitutive equations (ani-
sotropic media, Cosserat continua, etc.) where the physicsl in-
tuition or semi-inverse method cannot be used.

In [148])}~{15%0], C.Truesdell proposed a problsm which, roughly



speaking, consists in the generalization of Saint~Venant's notion
of twist so as to apply to any solution of the torsion problem.
Recently an elegant solution of Truesdell's problem has been esta-
blished by W.A.Day [25]. In [123], P.Podio=-Guidugli studied Trues-
dell's problem rephrased for extension and pure bending. The case
of flexure was considered in [79]. The results of [25,123 ] are re-
lated to the results of Sternberg and Knowles [143] concerning the
minimum energy characterizations of corresponding Saint-Vensnt's
solutions.

A generglization of the relaxed Saint~Venant's problem consists
in determining the equilibrium of an elastic cylinder which - in
the presence of body forces -~ is subjected to surfasce tractions ar-
bitrarily prescribed over the lateral boundary and to sppropriate
stress resultents over its ends. The study of this problem was ini-
tiated by Almansi [ 1] and Michell [102] and was developed in va-
rious later papers (see,for sxample, Sckolnikoff [139], Djenelidze
[29] and Hatiasbvili [49]).

As pointed out before, Saint-Venant's results were established
witbin the equilibrium theory of homogeneous and isotroplc elastic
bodies. 4 large number of papers are concerned with the relsxed
Seint-Venant's problem for other kinds of elastic maeterigls (see,
for example, Lekbnitskii [£96], Lomekin {97}, Brulin and R.K.T.Hsieh
[15] and Reddy end Venkatasubramaenisn [90]). References to recent
results are cited in the text. No shtempt is made to provide a com-
plete list of works on Saint-Venanit's problem. Neither the contents,
nor the list of works cited are exhaustive. Nevertheless, it is
hoped that the developmenis presented reflect the stete of know-
ledge in tbe study of the problem,

The purpose of this work is %o present some of the recent re-
sesrches on Saint-Venant's problem., An effort is made tc provide a
systematic treatment of the subject.

Chapter 1 is concerned mainly with results where Saint~Venant's
solutions are involved. We give a rational method of construction
of these solutions and ther we characterize them in terms of cer~
tain gssocieted minimum strain-energy propesrties. 4 study of Trues-
dell's problem is presented. This chapter elso includes e proof of
Salnt~Venant's principle.

In Chapter 2, an interesting scheme of deriving a solution of
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Almansi~Michell problem is presented. Almensi's problem, where the
body forces and the surface ftractions on the lateral boundary are
polynomisals In the axial coordinate, 1is also studied. The results
are used to study a stastical problem in the linesr thermoelsgsti-
city.

Chapter 3 is concerned with the relsxed Saint~Venent's problem
for snisotropic elastic bodies, We first establish a8 golution of
the foregoing problem. The method doss not involve artificial =
priori assumptions and permits a treatment of the problem even for
nonhomogeneous bodies, where the elastic coefficients are indepen-—
dent of the axisl coordinate. It is shown that the well-known
boundary-value problem for the torsion function derives from s spe-—
cial problem of generaslized plane strain. Then, minimum energy cha-
racterizations of the solutions sre presented. Also included in
this chgpter is a study of Truesdell's problem.

Chapter 4 deals with the relsxed Ssint-Venant's problem for he-
terogeneous elastic cylinders. We consider the case of a composed
cylinder when the generic cross-section is occupled by different
enisotropic solids. The problems of Almensi and Michell are also
studied. 4pplicsations to the linear thermoelastostatics are given.

In Chapter 5 we study Seint-Venant's problem within the linea-
rized theory of Cosgserst elastic bodies. We first present a proof
of Saint-Venant's principle in the theory of Cosserat elasticity.
Then, a solution of the relaxed Ssint~Vensnt's problem is derived.
Truesdell's problem and a theory of loaded cylinders are also stu-
died. Illustrative applications are presented.

A number of results included in tbis work have not appeared or
been discussed previously in literature,
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