
Audun Holme

Geometry
Our Cultural Heritage

With 150 Figures

, Springer



AudunHolme

University of Bergen
Department of Mathematics
Johannes Brunsgate 12
N-5008 Bergen
Norway

e-mail: holme@mLuib.no

Catalog-in -Publication Data applied for

Die Deutsche Bibliothek - CIP-Einheitsaufnahme

Holme, Audun:
Geometry: our cultural heritage/Audun Holme.-Berlin; Heidelberg; NewYork;
Barcelona; Hong Kong; London; Milan; Paris; Tokyo: Springer, 2002

Mathematics Subject Classification (2000):
Primary: 51-01; Secondary: 01-01, 14-01

ISBN 978-3-642-07546-9 ISBN 978-3-662-04720-0 (eBook)
DOl 10.1007/978-3-662-04720-0

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broad­
casting, reproduction on microfilm or in any other way, and storage in data banks. Duplication of
this publication or parts thereof is permitted only under the provisions of the German Copyright Law
of September 9, 1965, in its current version, and permission for use must always be obtained from
Springer-Verlag. Violations are liable for prosecution under the German Copyright Law.

http://www.springer.de

e Springer-Verlag Berlin Heidelberg 2002

Originally published by Springer-Verlag Berlin Heidelberg New York in 2002.
Softeover reprint of the hardcover Ist edition 2002
The use of general descriptive names, registered names, trademarks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant pro­
tective laws and regulations and therefore free for general use.

Typeset by the author using a Springer TEX macro package
Cover design: Archytas' famous space geometric construction, as rendered by Maple
Cover production: design & production GmbH, Heidelberg

SPIN 10769915 46/3142db - 5 43210 - Printed on acid-free paper



Table of Contents

Part I A Cultural Heritage

1 Early Beginnings 3
1.1 Prehistory.. .. .. . ..... . . ... ... .. . . .. . . ... . ... . . . .... ... 3
1.2 Geometry in the New Stone Age 3
1.3 Early Mathematics and Ethnomathematics . . . . . . . . . . . . . 4

2 The Great River Civilizations 7
2.1 Civilizations Long Dead - and Yet Alive.. 7
2.2 Birth of Geometry as we Know it . . . . . . . . . . . . . . . . . . . . . . . .. 11
2.3 Geometry in the Land of the Pharaoh . . . . . . . . . . . . . . . . . . . . . 12
2.4 Babylonian Geometry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3 Greek and Hellenic Geometry 27
3.1 Early Greek Geometry. Thales of Miletus . . . . . . . . . . . . . . . . . . 27
3.2 The Story of Pythagoras and the Pythagoreans 29
3.3 The Geometry of the Pythagoreans . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 The Discovery of Irrational Numbers. . . . . . . . . . . . . . . . . . . . .. 40
3.5 Origin of the Classical Problems. . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.6 Constructions by Compass and Straightedge. . . . . . . . . . .. . . . 48
3.7 Squaring the Circle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.8 Doubling the Cube . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 51
3.9 Trisecting any Angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 54
3.10 Plato and the Platonic Solids 56
3.11 Archytas and the Doubling of the Cube 59

4 Geometry in the Hellenistic Era " 67
4.1 Euclid and Euclid's Elements " 67
4.2 The Books of Euclid's Elements. . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.3 The Roman Empire. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 76
4.4 Archimedes. . . . .. . ........ . . ...... ..... . .. . . .. . . .. . .. . . 78
4.5 Erathostenes and the Duplication of the Cube . . . . . . . . . . . . .. 93
4.6 Nicomedes and his Conchoid . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 95
4.7 Apollonius of Perga and the Conic Sections 102
4.8 Caesar and the End of the Republic in Rome 106



xiv Table of Contents

4.9 Heron of Alexandria " 111
4.10 Menelaus of Alexandria 113
4.11 Claudius Ptolemy 115
4.12 Pappus of Alexandria 119
4.13 The Murder of Hypatia 120
4.14 Preservation of a Heritage 126
4.15 The Decline and Fall of the Roman Empire 127

5 The Geometry of Yesterday and Today 131
5.1 The Dark Middle Ages 131
5.2 Geometry Reawakening : A New Dawn in Europe 134
5.3 Elementary Geometry and Higher Geometry 135
5.4 Desargues and the Two Pascals 138
5.5 Descartes and Analytic Geometry 139
5.6 Geometry in the 18th. Century 140
5.7 Some Features of Modern Geometry 144

6 Geometry and the Real World 151
6.1 Mathematics and Predicting Catastrophes 151
6.2 Catastrophe Theory 153
6.3 Geometric Shapes in Nature 156
6.4 Fractal Structures in Nature 159

Part II Introduction to Geometry

7 Axiomatic Geometry 167
7.1 The Postulates of Euclid and Hilbert's Explanation 167
7.2 Non-Euclidian Geometry 168
7.3 Logic and Intuitive Set Theory 170
7.4 Axioms, Axiomatic Theories and Models 171
7.5 General Theory of Axiomatic Systems . . . . . . . . . . . . . . . . . . . . . 176

8 Axiomatic Projective Geometry 177
8.1 Plane Projective Geometry 177
8.2 An Unsolved Geometric Problem 182
8.3 The Real Projective Plane 185

9 Models for Non-Euclidian Geometry 195
9.1 Three Types of Geometry 195
9.2 Hyperbolic Geometry 195
9.3 Elliptic Geometry 200
9.4 Euclidian and Non-Euclidian Geometry in Space 201
9.5 Riemannian Geometry 207



Table of Contents xv

10 Making Things Precise 211
10.1 Relations and Their Uses 211
10.2 Identification of Points 212
10.3 Our Number System 214

11 Projective Space 221
11.1 Coordinates in the Projective Plane . . . . . . . . . . . . . . . . . . . . . . . 222
11.2 Projective n-Space 224
11.3 Affine and Projective Coordinate Systems 225

12 Geometry in the Affine and the
Projective Plane 233
12.1 The Theorem of Desargues 233
12.2 Duality for 1P'2(1R) 235
12.3 Naive Definition and First Examples of Affine Plane Curves .. 236
12.4 Straight Lines 236
12.5 Conic Sections in the Affine Plane 1R2 •.. ••••. • • ••.•• • ••• • • 237
12.6 Constructing Points on Conic Sections by Compass and

Straightedge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245
12.7 Further Properties of Conic Sections 248
12.8 Conic Sections in the Projective Plane 254
12.9 The Theorems of Pappus and Pascal 257

13 Algebraic Curves of Higher Degrees in the Affine Plane 1R2 261
13.1 The Cubic Curves in 1R2 .••. ••. ....••..•••••• • ••• •• • •.•• • 261
13.2 Curves of Degree Higher Than Three 269
13.3 Affine Algebraic Curves 270
13.4 Singularities and Multiplicities 274
13.5 Tangency 277

14 Higher Geometry in the Projective Plane 281
14.1 Projective Curves 281
14.2 Projective Closure and Affine Restriction 282
14.3 Smooth and Singular Points on Affine and Projective Curves. 285
14.4 The Tangent of a Projective Curve 287
14.5 Projective Equivalence 296
14.6 Asymptotes 300
14.7 General Conchoids 301
14.8 The Dual Curve 304
14.9 The Dual of Pappus' Theorem 307
14.10 Pascal's Mysterium Hexagrammicum 308



xvi Table of Contents

15 Sharpening the Sword of Algebra 311
15.1 On Rational Polynomials 311
15.2 The Minimal Polynomial 314
15.3 The Euclidian Algorithm 316
15.4 Number Fields and Field Extensions 318
15.5 More on Field Extensions 322

16 Constructions with Straightedge and Compass 329
16.1 Review of Legal Constructions 329
16.2 Constructible Points 330
16.3 What is Possible? 331
16.4 Trisecting any Angle 336
16.5 Doubling the Cube 338
16.6 Squaring the Circle 339
16.7 Regular Polygons 340
16.8 Constructions by Folding 348

17 Fractal Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353
17.1 Fractals and Their Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 353
17.2 The von Koch Snowflake Curve 354
17.3 Fractal Shapes in Nature 355
17.4 The Sierpinski Triangles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356
17.5 A Cantor Set 357

18 Catastrophe Theory 359
18.1 The Cusp Catastrophe: Geometry of a Cubic Surface 359
18.2 Rudiments of Control Theory 360

References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363

Index 365


