Gilbert G. Walter
Martha Contreras

Compartmental Modeling
with Networks

Birkhiiuser
Boston = Basel « Berlin



Contents

Frelace ix
List of Figures wovild
1 Imtroduction and Simple E‘rxi.l:lplui 1
1.1 Malbematical Models .y se e e porToyoe 1
12 Exampksof Modele . .. .. ... .0 0 2
Part [. Structure of Models: Divected Graphs 0
2 Digraphs and 'Era»phn. Dafinitions and Exnmples 1
21  Definitions . . v i
22 Exampls . ., . 12
2.3 Problems . . boa e ! 16
3 A Little Simple Graph Theory 17
4.1 lsomorphic Graphs and Iigraphs . . P 17
3.2 Connected Graphs and Digraphe . . . . . . . .. ... ... 19

4 Orientation of Graphs and Related I"rutmﬂiw in
4.1 Vertex Basis . . . At SR A e R T S R R TR 5
4.4 Muligraphs " PR ' " e |}

4.3 Ocentation of Qrapha . . . . .0 . 0 cine i v ini s Y|
4.4 Spamnimg Troes . i W T o LY .
4.5 Minimum Connector Prnl:im e ! SREEEILIEE NN

5 Touwrmamonts 41
5.1 Definitions and Pagic Resulta . . . .. ..o o0 41
5.2 Transitive Tournamenks . . . . 0 o0 oo v v v v oweee.. 4

6 Planar Graphs AT
6.1 Bipartite Graphs VR 48
6.2 A MNeeessary Condition for a Graph to He Flumr ...... 1



wi Cantents

T Graphs and Malrvicos i1
7.1 Adjaconcy and Reachabilicy Masriees . . . . . . .. _ . 5
7.2 FEigenvalues of Adjacency Matries | - . 0 . . . Lo Bl
T3 Using Maple with Graphs ‘ ‘ \ 50

Part 11, Digraphs and Probabilities: Markoy Chains 61

8 Introduction to Markov Chains 65
5.1 Relation to Digrsphs . e ey PR i
8.2 Mbre[.hﬂmhm:and]i:unplﬂ RISt s es B

9 Classification of Markoy Chains 71
91 Definitions. . . oo v v o0 e e e e e e e s ]
9.2 Condensation ol a '-'rl-cvrhnl:r Drigraph . EiFer f T

10 Regular Markov Chains 81
10.1 Theory of Reguby Chaie ., . .-, ... ... Bl
10.2 Fized-Point Probability Vecior e i e ¥ 1]
103 [nflasnce Dhgeaph . . AL R, . . ah

11 Abrorbing Markov Chaing Al
11.1 An Exarmple. . . . .., P e &%
11.2 Some General Resulls | ar

11.3 Population Genetics: An Ell.h.rrlpl-e r.ll':n .ﬁ.bﬂurh:hﬁ 'E‘hlln a5
114 Small Group Decigion Making: An Absorbing Markow Chain 97

12 From Markov Chains to l:‘omput.m:m-ul Blodels 101
121 Comparison of Quantitiea . . . . . H UL IR |
12.2 Two Examples e : : e T |||

Paxt [, Compartmental Models: Applications 1

13 Tnireduction to Compartmental Models 111
13.]1 Basmic Concepts . . . ., - N e 1
13.2 One-Cornpartment .‘ippllf-u.tmm RO S R A ORI L

1521 Linear Case . . . v oo e o S -
1322 Logietic Growth . i . L&
13.3 Other Examples . .. . .. . W R e 118
134 ek Pasii: o e i s e s e 1
135 Twe-Compertmient Models b TR T A 17

14 Models for the Spreasd of Epldemics 125

141 The SIR Madel = . . . ... .. . PSP E T - ]

142 Ouber Models of Epidemies _ . . . . . ... .. .. ... 128



Contents

¥il

156 Three Traditionsl Exsmples s Compartmental Models 131
15,1 Predator=Prey or Host-Parasite humm .......... 11
15.2 The Lesliz Matrix e T e . 136
15,3 Leontiel Inpat—Chatpat ﬂmaqu: 137

16 Beasystom Madels 141
161 Digsalved Qxygen T3 N e ol | | |
6.2 Forest BoosysUeam . . . o o o occcve oy oo ne . 143
6.3 Food Wahs . 146
17 Fisheries Models 140
17.1 Logistic Equation Approach . . . e . 160
17.2 Nonequilibriam Yield P TP | |
17.3 A Multispecies Model . . 1566
17.4 An EBcoaystern Fisheries Model . 150

18 Drug Kinstics 163
18.1 Dilirubim Metabolism (Simplo) 163
182 Bifirubin Metaboliem (1 nmrlax} . 1%
18.3 Lead Kinetlcs LR R e e C gt e e . 146
184 HIV Dynamics ' .« 18T
Part [V, Compartmental Modals Theory iT3
19 Basie Properiies of Linear Models 175
19.1 Conpartmental Matrioes 176
192 E‘i‘ln\l‘llﬂ o o lbiboal e 178
19.9 Analythc Solubdom & ;o cc s s v s e e e 180
20 Structure snd Dynamical Properties 183
0.1 Peartivity of Soletions . . - . . . -0 0L ... 134
20,2 Condensation of the Digraph 136
2}.9 Eigenvaluies and Strueture 150
434 Some Special Cases | . 192
21 Identifiability of a Compartmental System 1497
21.1 General Input and Owtpuos : ) e e IR
21.2 An Example of an 1dentifinble Svrbl'rrl ¥ 199
219 Anether Example Which 12 Mot Identifiablo O
914 Another Approach: Using Laplace Transforms . 1)
21.5 The Geperal Case. . . . . .. O . | I
215 Size Idontifiability of L-utupntlm!nt-ul- Models . L]
2161 Exampla. iva : ' 6

21.6.2 Some More Examples .. oo - T

21.6.3 Main Resull. ,



Vil Cotibents

12 Parametor Estimation 11
921 Estimation Problem . . ... ............ ... .. 11
222 Statistical Estimation . ., ., T PSR | | *

23 Complexity and S“hilily 218
331 Complexity - .. .. .. . . acosrr-a SRR 1 | .
93.% 'The Sheanon Index , . . . . HEETSE L i 1]
233 Oher Imdiees . . . . ... . . ... 3
234 Relation to Stabiliy . . . e . 1M

A Mathematical Pracequisites 226

Appendix 228
Al Matrix Operntions . . . . . 224
A2 Finding Eigenvalues and }}lnmml-uw i e R LT TP - -
A3 Swstemns of Differential Equations . R a8
Ad Matrices with Maple . . ... .. T e e At S | TH

Bibliography 242

Imdex 247



	1
	2
	3
	4
	5

