Encyclopaedia of
Mathematical Sciences
Volume 21

Editor-in-Chief: R.V. Gamkrelidze



I. Discrete Subgroups of Lie Groups

E. B. Vinberg, V. V. Gorbatsevich
and 0.V Shvartsman

Contents

Chapber O, Ftoodmcionm © oot iee e e v cs b i S e s

Chapter 1. Discrete Subgroups of Locally Compact Topobogical Groups

El. The Simplest Properties of Lattices .
Ll Definition of & Discrete Suhgroup Enmplas R A
1.2, Commensurabllity and Reducibility of Lal:tmes _____________
42, Discrete Groups of Transformetions . .
2.1. Basic Definitions and Emamplas -
22. Covering Sets and Fundamental Dﬂmmus ul’ B DLSI:‘]‘E'I.E Gmup-
of Transformations .. .... .
4. Group-Theoretical Properties of L-att,men in Lle Gmups -
3.1, Finite Premntability of Lattices | AEREN
3.2 hTmmafSﬂMgmMranmCmum@s R
13, The Property (T .
4. Intersection of Discrete Sub\gmups mth Closed Subg;n:uup& PO
1. M-Closedness of Subgroups - .. .. ... v iviiiinnnnciinnss
4.2, Bubgroups with Good DHeredity .. ... ..o o0
4.3. Quotient Groups with Good P-Heredity .. ... ..o ... ...,
A | I L e e i ek L T e s
45, The Space of Lattlees of a Lr.'n-r'hli]. ﬂumpru,t (‘mu‘p ..... ;
51. C‘hnhaut}'s'].bpol.ogar
5.2, Minkowski's Letnma . 0 N A T
5.3, Mahler's Critarlon . A R G
6. dettyufﬂqscrntt.‘iubgmupsul’“e Gmups A L Y
6.1, Space of Homomerphisms and Deformations ... .............
6.2. Rigidity and Cobamology .o ... .ereversoen, R R

BEEERREER



2 Contents
.3, Deformation of Uniform Subgrovps ... o o0 0
§7. Arithmeth: Subgroups of Lie Groups . ... ..o ooin.. . 31
7.1, Definition of an Arithmetic Subgroup .................. - |
7.2, When Are Arithmetic Groups Lattices {Uniform Lattices)? .. 32
7.3, The Theorem of Borel and Harlsh-Chandra
and the Theorem of Gedement .. .. ..........._............ 34
7.4, Definition of an Arithmetic Subgroup of a Lie Group .., ..., 35
f3. The Borel Denslty THeODIM . ..o iin e eaiaeneinnss a7
Bl ThEPropethirilBY . oot e mn o imes oo g o cemss 5o 37
8.2, Proof of the Density Theorsm .......coooiueiiininunnna, a7
Chapter 2. Lattices in Sobable Lie Groups . ... ..o e oe oo, 34
§1. Discrete Subgroups in Abelian Lie Groups . ......_....._..,. 38
1.1. Historical Remarks ... . 0ccuiiiiiiiiiiciiminaas. . 38
L2 Structure of Discrete Subgroups in Simply-Connected
Abellan Lin Grompa. . o5y aaiaeas bas s e iassasesoiisis a9
L4 Structure of Discrete Subgroups in Arbitrary Conmescted
ADHan, GEPOMPE i ousan'ivanssiamaioanvrssdisaesibiin 4
L4. Use of the Language of the Theary of Algebraic Groups ... ... 41
1.5, Extendability of Lattice H:}mumuq:lhisma ................... 41
£2. Lattices in Nilpotent Lie Groups ... ... . 42
21 Intrmlumwryﬂ,cmallcsan.dl:&amples T
2.2, Structure of Lattices in Nilpotent. Lie G:uupa ............... 4%
2.3, Lattice Homomorphisms in Nilpotent Lie Groups ... ..., 45
2.4. Existence of Lattices in Nilpotent Lie Groups
amn] Their Classification ... ... ... iiieriiieiionsnnn. 46
2.5, Lattices and Lattice Subgroups in Nilpotent Lie Groupa ... 47
§3. Lattices in Arbitrary Solvable Lie Groups .....ooovvvvrnninn... 45
3.1 Examples of Lattices in Salvahle Lie Groups
GF Lot DTG wocsia ooaiiinnimnn e muioni s i i mae wi s s iees 48
3.2, Topology of Solvmanifolds of Type RYF ... .......... 4%
4.3 Some General Properties of Lattices in Solvable Lie Groups, .. G0
3.4, Maostow's Structure Theorem . ... ... o iuiiiienin ... 51
it WHOE BOODE < oot 5 et 6 e 4 s s L b e L T 51
3.6, Splitting of Solvable Lie Groups. . ......_.................. 52
4.7, Criteria for the Existence of a Lattice in a Simply-Connected
Sobvable Lie Group . ... ... o i 58
3.8, Wang Splitting and itz Applications ... ............_....... 55
39, Algebraic Splitting and its Applications . . -
3.10. Linear Representability of Lattices . ........,.............. il
fd. Deformations and Cohomology of Lattices in Solvable Lie Groups .. 61
41, Description of Deformations of Lattices in Simply-Connested
LB CoRONNEN - o iogon oo i bmionc s s e b b 48 . 6l
4.2, On the Cohomology of Lattices in Solvable Lie Groups. ... ... 63



.

Cantenta 3

Lattices in Spocial Classes of Solvable Lic Groups ... ... ... B4
5.1, Lattices in Solvable Lie Groups of Type (I .00 0oL 64
5.2, Lattices in Lie Groups of Type (R) ......... A R B 65
5.3, Lattices in Lie Groups of Type (B} ......... TR RO, .-
54, Lattices in Complex Solvable Lie Geoups - ... .. ..., ... i

5.5, Solvable Lie Groups of Small Dimension, Having Lattices, ., 66

Chapter 3. Lattices in Sembsimple Lic Groups ... .oo0vieieennnnnnn,., BF

4. Geperal Informetion .......ooooo oo FodvEi s hl
1.1, Reducibility of Lattices ................... . il
1.2, The Density Theorem ... .. YT SLNET o i e ... BB
12 Rediction T!lwr\' ot ... GO
2.1. Geometrical Lnnguagls Comt.ruu:unn n[ a Rnsdu:n-d Eaﬂg g ]
2.2, Proof of Mahler's Criterion ., .. ....... S cenan T2
2.3, The Siegel Domain .. ... T L .......TI
i The Theorem of Borel and Harish-Chandra I:'Cuntl.nuntmuj ........ 75
51, The Case of a Torus ......... A B R e 5
2. The Semisimple Case {Siegel D:mmlm} ..................... T
3. Proof of Godement's Theorem o the Semisimple Case ... . T8
4. Criteria for Uniformity of Latticss. Covolumes of Lattiees ..., .., i}
4.1, Unigotent Elements in Lattices . ... .. A L
4.2, Covolumes of Lattices in Semisimple Lie Gmupﬁ ............ il
45. Strong Righiity of Lattices in Semisimple Lie Groups ... .. ......., a2
B.1. A Theorem on Strong Rigidity .. .. ..o 4
5.2, Satake Compactifications of Symmetric Spaces . ............. a3
5.3. Plan of the Preof of Mostow's Theorom ..o 0 a5
b6, Arithmetic Subgroups. ... .oooieiiiiin i, LTI - |
6.1. The Field Restriction Functor. ... .o . cvntianrsanunanasis a7
6.2, Construction of Arithmetic Lattiess ... .................,,. 90
6.3, Maximal Arithemetic Subgroups ... 0 L., 02
G4, The Commensurator . ... ..o e.n o e i e
G.5. Normal Subgroups of Arithmetic Gmup! am.d
Congruence-Subgroups . o vovrrianin i iiisscirssersnsnnees M
G.6, The Arithmetieity Problem .. ......0000iiiiiininnn e e
§7. Cohomology of Lattices in SETIJ.‘iELH-IP]l: Lie Gmupa................ &7
7.1, One-dimensional Cohomology . . P SR |
7.2 Higher Cohomologies .. ... ... .............. 100
Chapter 4. Lattlees in Lie Groups of General Type. .. ..., .., 102
1. Bieberbach's Theorems and their Generalizations., ..o, 102
1.1. Bieberbach's TheorsmE ... .. covorvnuaueci i iaiiriiaiin.s. 102
1.2. Lattices in E{m) and Flat Rl-:mmmsm Manifolds . ........ .. 106
1.3. Generalization of the Flrst Bieberhach Theorem. . ... ........ 106
52, Deformations of Lattices In Lie Groups of General Type ... ... ... 108



§3.

Contents

2.1. Description of the Space of Deformations of Uniform Lattices . 108
22 The Levi-Mostow Decompaosition for Lattices in Lie Groups

of General Thpe. . ... o i 1049
Some Cohomological Properties of Lattices - ... ... ... 111
3.1. On the Cohomological Dimension of Lattices ....... e 111
32, The Euler Choaracteristic of Lattices in Lie Geoups ... .. .. 112
3.3, On the Determination of Properties of Lie Groups

by the Lettices in Themm , o .. cooveairorrorionieraaasiiaioas 113



	54640 0
	54640 1
	54640 2
	54640 3
	54640 4

