AMERICAN MATHEMATICAL SOCIETY
COLLOQUIUM PUBLICATIONS
VOLUME 18

The Calculus
of Variations
in the Large

Marston Morse

American Mathematical Society
Providence, Rhode Island



TABLE OF CONTENTS

BECTION PAGE
FOREWORD

1. The Ealerequbbioni: o e v i i s e s e e e e e 1
2. The existence of extremals............coooiiiiiiiiiiiii i, e 4
3. The necessary conditions of Weierstrass and Legendre.......................... 5
& The JRoohl SOMGTEION. oo v o s s e e s S e T eV A 7
5., ‘CODJUEREe DOINLE. . .ovovos o msmimsss bomimmefine morviwinm simie s sininims s i P s 9
@ The Hilbert integral ... ovsiamivasm s b s i e S i sie 13
7. BifBeient oondBERONR. - . ooonmuunasminsmns v vmames e mmm s S0 a0 R G 15

Caarter 11

GENERAL END CONDITIONS

1. Theend eondithions, . o coiisiieiiiin iy eins s oi i s valinms an sb s mmad a8 e e 18
2. The transversality condition............... R A R R S A 20
3. The second VAFIBLION. . ... ..outenteittateiei e ea et ettt it aneannen 21
4. The accessory boundary problem. ......... ... i 24
5. The necessary condition on the characteristic roots ............................ 26
6. The non-tangency hypothesis.............. SO 28
7. The form QUi A iwves i fnvsm s s s G i i T e T D5 30
8. Sufficient COMAItIONS. ... .. ..vurnttet ettt e e e ety 33

Cuarrer III

THE INDEX FORM

1. Definition of the index form............ e R R A R N a7
2. Properties of the index form. .. . .cims ivmesimmmmsmmi iy o as s s 42
3. Conjugate families. .. ..........oooiiiiit it e 46
4. Necessary conditions, one end point varigble. ........... ... .. .. .. ... . L 49
B TPOORY POMIER, i ivwow e i i sooison st 520w S GO 38 DR 51
6. The index of g in terms of focal POIDtS. .. .............coooiiiiiiiiinnnn.s. 55
7. Certain lemmas on quadratic fOTmB. ... ... ...oooiieit e 61
8. Two end Mamifolds. ... ....couunrniiniet et ii et 64
9. Periodic extremals, a necessary condition................. ... ... iiiiiiiiinn 70
10;  The orden Of @ORBRVERY - ia vimisiwrseasn i e oo s S5 e e SToon S S s 71
11. The index of a periodic extremal....................... et e nm il 74

Craerer 1V

SELF-ADJOINT SYSTEMS

1. Self-adjoint differential equations...................ciiiiiiiiiiiiiiiiiiiiiinns 80
2. A representation of self-adjoint boundary conditions........................... 83
3. Boundary problems involving & parameter................. .. ... .ciiiiiiiian. 89
4. Comparison of problems with different boundary conditions.................... 92
5. A general oscillation theorem............. ... .. iiiiiiiiiii i 95



x TABLE OF CONTENTS

B0 POORB. i o5 50500 v sinnceraniva w056 e o 0 a6 0 97
7. Comparison of problems possessing different forms w.......................... . 90
8. Boundary conditions at one end alome. ........... ..., . 102

CuaprEr V

THE FUNCTIONAL ON A RIEMANNIAN BPACE

1. A Riemannian spaceinthe large..............oooiiiiiiiiiiiiiiiiiiiiiiiiiaa., 107
D BARIC EOIMOIE. . ooua a5 7010 6550w 608w 0 0T 0 w0008 66 111
3. The necessary conditions of Euler, Weierstrass, and Legendre.................. 113
: BORCTOIRBIE. o cwvi s i ivsnias e o o it a0 T R 115
5. Conjugate POIMbS. . .......uvureeertae et et aaas 117
8. The Hilbert intepzaliciis i i s s asviiivainimaiiianaavs s ... 118
7. Siifficiency ChOOTOME. ;... visvovisiveviimnm e s vissmmiin s s ses e Semee s e 120
8. The Jacobi equations in tensor form...........c.ovviiiiiiiieinnniirinneenns 122
9. The general end conditions. . ...........c.ooviiiiiiieiiiieiiiieiaieeiieainaains 126
10. ‘The 3econd VERRUON . ..o oo« sviennimimsnosons e ssoessssssssesssemes oG 128
11. The accessory problem in tensor form............covviiiiiiiiinnneennns SaE 127
12. 'The non-tangenoy ODELION .o rmmumns e TR T e SN 131
13. Characteristic solutions in tensor form............covviiiiiiinneninannns . 133
4. The general index Form.. oo oiiiiauisimesinieviip ivi s ssnparvsasv i e 137
15 The cnnd of enid MABRMRIAR. . . .. ooi0cemmmnmimmss s sk sim s s aw s R € e S 138

Caarrer VI

THE CRITICAL BETS OF FUNCTIONS

1. The non-degeneratecase................ e S R ... 142
2. The problem of equivalence.............o.oiiiiiiiiiiiiiiiiiiiinnsiiaananas . 148
3. Cycles neighbaring o ..o iiminmmmitiasmaine s sie s s b s o e im e s w e aa e 151
4. Neighborhood functions. .. ..........ciociiiiiriiiieieiiiairrarannrnnnaanns 152
5. The determination of spannable and critical eyeles.. .......................... 1568
B ClassiBieation of CYCIEE. ;. i anssmmaeiime s vr wamsin i o g s ea s 158
7. The type numbers of a critical set....... ... ... ... ... ... 165
8. Justification of the count of equivalent critical points.......................... 175
9. Normals from a point toamanifold................ ... ..., 179
10. Symmetric squares of manifolds. ........ ..ot 181
11. Critical chords of mamnifolds........... ...t 183

CuarreER VII

BLEM IN LARG

1. “Thefunctional domain B oo mamime mes e ooy s v S EE e S5 s ees 193
2. The function J(m)....ccunueeeeeieeeaetanueresnensaseassnessatosasnseaaanasannns 196
3. “The domainJ0r) 0 bt s s e e e e A 200
4. Restricted domaing on 0. ... ....iciciieiivatrscncsrrearosecsansssassvssesnnses 205
5. The J-distance between restricted curves. ....................... e I 208
6. Cycles on 2 neighboring a eritical set w........ ..ot iiiiiiinnn 212
7. The space = of J-normal points. .....cccveevieriaenorirnirrereteaceroreareens 213
B Theorem B ciiorinin ool o S 0 i G P L e R e R 216
9. Cyclesonthedomains J < bandJ < @.....cooviiiiiiiiiiiniinnniineannnans 220
10. The existence of critical extremals............cooiuiuiieiiiiiinnnioiiaaiiasn 221
11. The non-degenerate critical extremal............. ... ... i 226
12. The non-degenerate problem............cvuvenininiiiiiiiiiiciraamaianaaans 230

13. The fixed end point problem..........ccooiiomiiiiiiiiiiiiiiiiiian Suemaee 2



TABLE OF CONTENTS X1
14. The one variable end point problem...................... ... 240
15. The two point functional connectivities of an m-sphere....................... .. 244
CuartER VIII
CLOSED EXTREMALS
1. The complexes K, K?, and TIP.. ... ....iiiiiiiiiiiiiiiiiiaiiiiei s 250
2. The infinite Bpace Q. ...........co.iiiiiiiiiiniiriii it 253
3. Critical setsof extremals............ ...l AR 256
& The domain IIP. o oy e s S rv v T e b e TR s B e 258
5. Critical Bet8 Om 1P, ... .. 0ottt ottt e i e 261
B, Critichl Bets On B.....c00nsareenirmsn sisnssnssemss sl s vesiitinavdie 264
7. Theextension of a chain on TI2. . ....ooviiueeinieiinnniannaranmeemessasans 273
8. Therfoldjoinofacyele.......ccoovvnneeniniin., st e et e NS SR 277
9. Finiteness of the basic maximal sets.................ooviiiiiiiiininiieannns 285
10. Numerical invariants of a closed extremal g..........................cooiiinnn 288
11. The non-degenerate closed extremal.................c..oooiiiiiiiiiiiiiiienns 291
12. Metrics with elementary Bres.........oviuiuiii e 297
CaartER 1X

BOLUTION OF THE POINCARE CONTINUATION PROBLEM

1. Regular submanifolds of RP................ciiiiiiiii s 307
2. Geodesics on m-ellipsoids. .............coiuvniiiiiriie i 312
3. The indices of the ellipses gs;...............ocviiiiennn, R R R T L 316
4. The exclusiveness of the closed geodesics gi;.................. T —— 319
5. The linking cycles Aj; (8)........covevnvnieneniiaiinnn, e e S s TR 323
6. Symmetric chainsand eyeled......... ... ..o 326
7. ‘The linking cyeles Mll): ovovmismmmspmanin sansmmirns peamsims is e s 333
8. The circular connectivities of the m-sphere................ ...cooiiiiiainns 346
9. Topologically related closed extremals. .. ... ... ..., 350
10. Continuation theoremB. ... ......cuveerenuaneaneeiee et iaiarasseraneeaeeanens 354
Bibliography ... ... 359



