Curvature
and Homology

SAMUEL |. GOLDBERG

Dieparimimt of Meathematicy
Umeeenity af Illiwods, b, fibimads

DOVER PUBLICATIONS, INC., NEW YORK




CONTENTS

PreFace . . . i T
MOoTATION [NDEX . . & o0 v v v v v o b d woe v 4
INTRODUCTION  + = - & 4 = =0 « = & &+ 4.4 = & 4

Chapter |
RIEMANMIAN MANIFOLDS | | ) .

I Dhferemishde manifolds . . . _ . . - . L . .
1.2 Tensars | e e e e
1.3 Temsor bun-d-]lu: FF o

1.4 Differeninal forms. . . . i . v

1.5 Submanifolds. . . . . '

1.6 Integrasion of differential Enrm: . ol jary :
1.7 Afpeconpections. . . . . . - . . - oy ki
I8 Bundle of frames |

1.9 Riemannian geometry ¥

1.1 Sectional curvature . . e '
11 Geodesie coordingtes e ] i .
Fmere wes .. L T 8 g B P e e T

Chaptar |l
TOPOLOGY OF DIFFERENTIABLE MANI-
FOLDS . . . . ... ... .. ...,

g4 Comngleses, v i e oo eI
2.2 Bingulsr hamology . e e e e e
2.3 Geokes' theotem. A

24 De Rham cohosmology . . . e ¥

25 Periods . . . R

24 Decompositzon |hmmm Enr COMmpactT H.lcl:runn I-'dl'rl.ﬂl ek '

J‘.? T"lc E1ETS uulr'u'lc‘]'l.'llllnl L - -
248 Hermonie forens, “The opermtoes ! =u|d d
2% Unthogomality relations. . .

210 Decomposition theorem for Dumpu't th'mlnnlln. mlnafﬁlld:

I M Fundamentsl theorem . . . . . . v
212 Explicie expresabons for o, 8 and 4 _ .

Exerciaes R Tt T
Chaprer [l

CURVATURE AND HOMOLOGY OF RIE-
MAMNIAN MAMIFOLDS = | |

£ Some contributions of 5. Bochner ' '
3.7 Curvature and betti numbers . . . - - . . s
1.3 Derivations in o graded slgebra . . - . 0 L _ .

36

a2
63

63
6l
71
73
75
6
"
b

&2
B2
B3
s



x CONTENTS

34 Infinitesimal trarmsformations = 0 0 - . 0 4 0 0 - 0w L 0 s L
35 Thederivation WET. « + = = 4 = = s m s e m o e e R
if  Lic tramaformanion grougs - . . . . o0 0o ik ii o ik Wl ik
&7 Conformal cransformations - . . i R P P )
3.8 Conformal tramsformations (eontinued]). - - - - 0 L L L L L oL L
A0 Comformally far manidfebds © . . 0 . 0 0 0 . R IR T

210 Afne collineatioes . o . . L L . TR

J.IT Projective ransformations . . G T T A e
Exercises . B Sl e s i R SR Al R ol S
Chaprer IV

COMPACT LIE GROUPS ae ma e RS E Y ik
A0 The Grassman slpechraof a Laegroup o o o 0 & 0 B i
4.1 lewvorant differential forms . R R M P ' o
4.3 Local geometry of a compact s Iﬂmpk Lie gn:-up e e e
4.4 Harmonie forme cm & esmpeet semb-simple Lie group .

4.5 Curvature and beme pumbers of 8 compect semi-aimple Lie unul-p 1 R
A6 Determination of the betti numbers of the simple Lie growps . . .
Exercises . . . . L i el M LT b

Chuptar ¥
COMPLEX MAMNIFOLDS | IR RRORE S T e

J. Comples manifolds . . - - - 0 P T T TR T W T S RIS .
5.2 Almemt evmnples mandfolds . . . TR R R N Wi el |
3.8 Laocal bhermitian geometry . o e L T : Pt
54 Theoprratom Land A ., - . . . . . . .. iy g b o= oala el
5.5 Kachler mamifolds - & . - . & < o I A e

34 Tuopology of o Kaehler mandfold . . . . - - - . . = o 0 o

5.7 Effective forms on an hermition menifald - . . . . 000 o

5.8 Holomorphic mepe. Induced stroctures i

3.9 Examples of Kaehler manifolds
Exerciics

Chapter V1

CURYATURE AMD HOMOLOGY OF
KAEHLER MANIFOLDS . _ . | R ;

.l Holemorphic curvamare . A R T S R T L T W
&2 The efect of positive Ricel cumatsre . . . . . e
&1 Deviation from constant holomaorphic corvature. o - & 0 - o N
&4  Knchler-Eimstein spaces © . . . . . P R LS A | PREE
a5 Holmarphic tensor ficlds o . T o A Forom oy
af  Complex paralielimble mamifalds . . - . . R
6.7 Zervcurvabume o+ + o« 20 - .. s OO g SR | .
f.8  Compact caeples pul.'llrltsu'H.e mamifolds . . ..

4 Atepological characterization of eompact curn'pl.ex Dlrl'||'5|'!=”= sanifolds
.00 scchomology R PR e, e Eerh PallT by .
.01 Comphex imbaedding . . - . . P T T ol T Py T Ry

G127 Bules charaereristic = 0 & o 0 0 8 w0 00 oo + .

1o}
[LE]
106
112
13
1w
121
124

131
132
1M
130
154
141
143
144

146
147

154
168
173
175
179
18z
1H4
189

187
1949
205
26

210
213
214
7
210
221

117



CONTENTS

4,13 The effecs of sufficiently many holomorphic differentials
&. 14 The n.nu}ung theorems of Kaodaira B
Exercies w A e e L e T

Chaptar Vil

GROUPS OF TRANSFORMATIONS OF
KAEHLER AND ALMOST KAEHLER
MANIFOLDS . . . . . . .

7.0 Infmitesimal holomorphic wansformations - . ., ., |

7.2 Groups of holomorphse transformations . . .

7.3 Kaehler manifolds with camstant Ricel sealar curvature o 0 0 o 0 o . .
T4 A theotem on transitive groups of holomorphic transformations

7.5 Infinitesirmal conformal transformations, Automorphisms

F6 Conformal maps of manifolds with constane scalar curvature

7.7 Infinitesiral transformations of non-compact manifolds . . .

Exewcises . . . . ., .. . E A TR

Appendix &

DE RHAM'S THEOQOREMS i

A The l-dimensional case . . . ., . ., ., .
A.2 Cohomolopy ., . R A R T

A3 Homology. . . « 4+ + o+ 4 s 3 I

A4 The groups MM, A% . . . L L 0L L L
A5 The grouwps H M, 5,0 .

A6 Pormcart™ lEmme. - . & 50 w4 e b o

A7 Bingular homolagy of a starshaped region in B0 . L

A0 Inperproduets . o s e i T e e

A9 De Hham's |sq:|r|1m|:|h|:s:|1.1 :h:wem {or simple coverings. .
A De Bham's isamerphism theorem PO PR -

Al De Rham's existence theosemsa . . ., . . ., . .

Appendix B
THE CUP PRODUCT .
B0 The cup produet . . . SRR L S ey
.2 The ring aoasarphisim
Appendiz ©
THE HODGE EXISTEMCE THEOQREM. . = .

Diecomprsition thecrem Lo e e

Appandix O

PARTITION OF UNITY i AR

M ERENCES a2 R B e MO

Airepor Impex o . . L 1 AR et s R

Moy Temase 0 L e o T R

250
232
i

46
152
2153
158

263
265
266

i |

270
mn
275
m
278
28D
281
183
R4
280
291

Lk

93
204

204

]|
303



	0
	1
	2 L
	2 R

