ENCYOLOPEDRIA OF MATHEMATICS AND ITS APPLICATIONS

BASIC HYPERGEOMETRIC SERIES

GEORGE GASPER
Northwestern University, Evanston, llinois, USA

MIZAN RARMAN
Carleton Undversity, Otlawa, Canada

CAMBRIDGE UNIVERSITY PRESS

Cambridge
Mew York Port Chestor

Melbourne  Sydney



Contents

Fareward
Proface

1 Basle Hypergeometric Series
1.1 Tmtraduction
1.F Hypergeametric and basic hypergeometric series
1.3 The g-binomial theorem
1.4 Helne's transformation formulas for sy serks
1.5 Hetna's g-analogoe of Ganss’ summation formuls
L6 Jacobi's triple product identity and the thetn functicns
LY A ge-nnabogue of Snalschilte's summation formila
L& Thao Bailey-Daam summation formmia
1.¥ g-annlogues of the Karisson-bMioton summaton formualas
LD The g-gamma and g-tsrta fumetbons
L1 The g-integral
Exercises |
Notes |

2 Summation, Transformation, and Expansion Formulas

2.1 Well-poised, nearly-potscd, and very-well-palsed hypargeometric sod
basic hypergeometric serins

2T A peneral cxpansion formala

23 A summation formisla for p terminating very-well-poised dy series

24 A summation formula for a terminating very.well-poised goiy series

2.5 Watson's transformation formmln for a terminating veryv-woll-pojsed
Wiy series

24 Jackson's sum of & terminating verv-well-poissd balanced gé series

2.7 Some special and limiting cases of Jacksen's and Watson's formulas:
the Rogers-Ramanujan identities

2.8 Bailey’s translormation formolas for terminating sy amd pdy series

2.1 Hailey's transformation formula for & terminating o sorks

vil

xii
xwiik

A6
a7
i




viii Contents

210 Limiting cases of Bailey's (pog transformation formula a0
2.11 Bailey’s three-term transformation formuln for veryowell-poised g@7 sories 45
2,12 Dailary™s fowr-term transformation formuln for balaneced gy series 47
Exercises 2 A0
Motes 2 a7

4 Additional Summation, Transformation, and

Expansion Formulas 58
3.1 Intraduction 5
3.2 Two-term transformation formulas for sda series Ll
3.4 Three-term transformation Tormulss for gy series Lk}
3.4 Transformation formulas for well-poised 5 dy and very-well-poisod zdy

series with arbitrary arguments 61
345 Transformat lons of series with base :}* to series with base g 6T
&8 Dibasic summation formlas T
3.7 Bibasic exapanshon formulas T
38 Creadratsc, culsic, and guartic summation and trapsformation formulas TR

3.9 Multibaske hypergeometric series L
3.10 Transformations of serles with base g to series with base §° i
Exarelses 3 |
Notes 3 101
4 Basic Contour Integrals 102
4.1 Introsduction o2
4L.F Watson's contour integral reprosentation Cor
g {a, by s g, 2] serics 104
4.3 Analytic contimation of gy (a, bejg.z2) 11¥i
44 g-Analogues of Barnes' first and second lemmas 14
4.5 Analytic continuation of -y . series (1]
A4 Contour Integrals representing well-poised series 110
AT A contour integral anslogue of Baileys summation formula 112
A48 Extensions ta complex g inside the unit disc 113
A% Creher types of basic conlour inbegrals 114

4.1k General basic eontour integral formulas 116



Contents ix

4.11 Some additional extensions of the hata integral 118
A.12 Sears' transformations of well-poised series 119
Fxeorcines 4 121
Motes 4 §24

5 Bilateral Basic Hypergeometric Serios 125
5.1 Notations and definitions 125
5.2 Ramanujan’s sum for |¥':{ﬂ-: ['H q.z] 124
5.3 Bailey's sum of o very-well-poised gily series 108
G4 A general transformation formula for an 9 series 124
5.5 A general translormation formaula for a very-well-polesd 9, g, sories 15
5.6 Transformation formulas for mry-“]l-p-u.x'rwl giitg Al ipbyn series 152
Exercises 5§ (RE)
Notes 5 138

8 The Askey-Wilson ¢-Beta Integral and

Some Assoclated Formulas 140
6.1 The Askey-Wibon g-extension of the heta mtegral Lan
.2 Proof of formula (6.1.1) 142
Al Integral representations for very-well-poised g7 series 143
fid Inmbegral representatioons far wr_n--mll.—poia-&d 104he Berles 145
.5 A qguadratic transformation loetmula for very-well-poised balanced ey

BT 113
6.6 The Askey-Wilson lntogral when max (lal, [b], |, [d]) = 1 141

Excrcises § 154

Motes 6 158

7 Applications to Orthogonal Polynomials 180
7.1 Orthogonakity 160
7.2 The fnite discreto case: the g-Racah polynomials nnd some special cases 162
7.3 The infinlie discrote case: the little and big g-Jacobi polynumiale 166
7.4 An absolutely continuous measure: the continuous g-ullraspherical

polynominks 168

7.5 The Askey-Wilson pobynomials 172



x Contents

76 Connaction conffickents

7.7 A difference equation and & Rodelgaes-type formula
for the Askey-Wilson polynaominls
Exercises T
Maotes T

8 Further Applications
#.1 Introduction
B2 A preduct formula for balapesd 413 polynomials
B3 Product formulas for g-Facab and Askey-Wilsen polyneminls
Ed A product formuls in (ntegeal form for the continuous
g=ultraspherical polynomials
4.5 Rogers' linearization formula for the continnous g-ultraspherical
poly nominks
8.6 The Poisson kornel for O (2 #g)
8.7 Pabsan kernels for the g-Racah polynomials
8.8 g-analogues of Clausen's forenila
8.9 Nonnegative basic hypergoometric serles
A.10 Applications in the theory of partitions of positive integers
H.11 Representations of positive intogers a8 sums of squares
Envcreises B
Notes B

Appendix It Identities involving g-shified factorinls,
-gamma functions and g-binaminl coofficlents
Appendix 1z Selected summation formuolas
Appendix 1T: Salacted Trunsformation formunlas
References

Author Index
Symbal Index

Subject Index

182
184
145

108

108
190
202

2

210
213
217
220
224
226
232

33

241
248
T
281
283



	50942 0
	50942 1
	50942 2
	50942 2 -DX
	50942 3

