
MATHEMATICAL
Surveys and Monographs

Volume 43

Conjugacy Classes in
Semisimple Algebraic
Groups
James E. Humphreys

American Mathematical Society
r Providence, Rhode Island



Contents

Preface xv

Frequently Used Symbols xvii

Chapter 0. Review of Semisimple Groups 1

0.1. Jordan-Chevalley Decomposition in Algebraic Groups 1
0.2. Semisimple and Reductive Groups 2
0.3. Borel Subgroups 2
0.4. Roots 2
0.5. Root Groups 3
0.6. WeylGroup 4
0.7. Bruhat Decomposition 4
0.8. Parabolic Subgroups 5
0.9. Simple Algebraic Groups 5
0.10. Classification 5
0.11. Rational Representations and Weights 6
0.12. Lie Algebras and the Adjoint Representation 7
0.13. Ideals in Q 8
0.14. Morphisms 9
0.15. A Key Geometric Argument 9

Chapter 1. Basic Facts about Classes and Centralizers 11
1.1. Introduction 11
1.2. Example: General and Special Linear Groups 12
1.3. Centralizers of Nilpotent and Unipotent Matrices 13
1.4. Orbits and Isotropy Groups 14
1.5. Classes and Centralizers 15
1.6. Minimum Dimension of a Centralizer 16
1.7. Closures of Conjugacy Classes 16
1.8. Morphisms and Subgroups 17
1.9. fields of Definition 18
1.10. Global and Infinitesimal Centralizers 18
1.11. Orbits in the Lie Algebra 19



x CONTENTS

1.12. Connectedness Properties 20
1.13. Centralizers of Unipotent Elements 21
1.14. Abelian Subgroups of Centralizers 22

Chapter 2. Centralizers of Semisimple Elements 25
2.1. Subgroups of Maximal Rank 25
2.2. Centralizers of Semisimple Elements 26
2.3. Regular Semisimple Elements 27
2.4. Borel Subgroups and Regular Semisimple Elements 28
2.5. The Set of Regular Semisimple Elements 28
2.6. Overview of the Connectedness Theorem 29
2.7. Roots of Unity in a Field 29
2.8. Tori and Characters 30
2.9. The Dual Group of a Reductive Group 31
2.10. Semisimple Elements of Finite Order 31
2.11. Connectedness Theorem 33
2.12. Characterization of Centralizers 34
2.13. Proof of Carter's Criterion 35
2.14. Example: Type C 36
2.15. Deriziotis Criterion 37

Chapter 3. The Adjoint Quotient 39
3.1. Class Functions and Characters <• 39
3.2. The Algebra of Class Functions 40
3.3. Quotient of an Affine Variety by a Finite Group 42
3.4. Semisimple Classes and Class Functions 43
3.5. The Steinberg Map 44
3.6. Rational Class Functions 44
3.7. Similarity and Conjugacy 45
3.8. Richardson's Finiteness Theorem 46
3.9. Unipotent Classes in Good Characteristic 47
3.10. Nilpotent Orbits -> 49
3.11. Lusztig's Finiteness Theorem 49

Chapter 4. Regular Elements 53
4.1. Unipotent Elements Lying in a Unique Borel Subgroup 53
4.2. Dimension of the Unipotent Variety 54
4.3. Existence of Regular Unipotent Elements 56
4.4. Coxeter Elements of the Weyl Group 56
4.5. Steinberg's Existence Proof 58
4.6. Conjugacy of Regular Unipotent Elements 59
4.7. Centralizer of a Regular Unipotent Element 60
4.8. Jordan Decomposition of a Regular Element 60



CONTENTS xi

4.9. Borel Subgroups Containing a Regular Element 61
4.10. Bijection Between Semisimple Classes and Regular Classes 62
4.11. Some Refinements 63
4.12. Characterization of Irregular Elements 63
4.13. The Variety of Irregular Elements 64
4.14. Fibres of the Steinberg Map 67
4.15. Construction of a Cross-Section 68
4.16. Weights of Fundamental Representations 70
4.17. Character Values on C 70
4.18. Tangent Spaces and Differentials 72
4.19. Differential of the Steinberg Map 72
4.20. Regular Elements and Differentials 72
4.21. Reduction to a Maximal Torus 73
4.22. Calculations on the Torus 74
4.23. Conclusion of the Proof 75
4.24. Fibres Revisited 75

Chapter 5. Parabolic Subgroups and Unipotent Classes 77
5.1. Unipotent Classes: An Overview 77
5.2. Conjugates of a Unipotent Radical 78
5.3. Richardson's Dense Orbit Theorem 80
5.4. Remarks and Examples 81
5.5. Example: Special Linear Groups 82
5.6. Associated Parabolic Subgroups 84
5.7. Subregular Unipotent Elements 85
5.8. Key Lemma 86
5.9. Centralizer of a Subregular Element 89
5.10. Induced Unipotent Classes 90

Chapter 6. The Unipotent Variety and the Flag Variety 93
6.1. The Unipotent Variety 93
6.2. Isogenies and the Unipotent Variety 94
6.3. A Desingularization of the Unipotent Variety 94
6.4. Proof of the Theorem 95
6.5. Connectedness of the Fibres 97
6.6. Irreducible Components of the Fibres 98
6.7. The Dimension Formula ' 100
6.8. The Density Condition 100
6.9. Verifying the Density Condition 102
6.10. Richardson Elements 104
6.11. Subregular Elements and Dynkin Curves 104
6.12. Details of the Proof 105
6.13. Standard Dynkin Curves 107



xii CONTENTS

6.14. Singularities 108
6.15. General and Special Linear Groups 109
6.16. Fibres of Dimension 2 111
6.17. The Dimension Formula in General 112
6.18. Fixed Point Characterizations 113
6.19. The Nilpotent Variety . 115
6.20. The Unipotent Variety and the Nilpotent Variety 116
6.21. Springer's Method 118
6.22. Summary 119

Chapter 7. Nilpotent Orbits and Unipotent Classes 121
7.1. Some Questions 121
7.2. An Overview of the Classification 122
7.3. Standard Triples and Representations 123
7.4. Jacobson-Morozov Theorem 123
7.5. Conjugacy of Standard Triples 124
7.6. Weighted Dynkin Diagrams 124
7.7. Parabolics 126
7.8. Centralizers and Orbit Dimensions 126
7.9. Even Orbits 127
7.10. Example: Type A 128
7.11. Example: Other Classical Types 130
7.12. Example: G2 131
7.13. Distinguished Orbits and Parabolics 132
7.14. Bala-Carter Theorem 134
7.15. Examples Revisited 135
7.16. Pommerening's Theorem 135
7.17. Component Groups of Centralizers 136
7.18. Another Look at G2 137
7.19. Closures of Orbits 138
7.20. Geometry of Orbit Closures 140

Chapter 8. Finite Groups of Lie Type 143
8.1. Some Natural Questions 143
8.2. Frobenius Maps and Finite Groups 144
8.3. Lang's Theorem 146
8.4. Fixed Points in F-Stable Classes 147
8.5. Classes Meeting GF 147
8.6. An Easy Example: SL(2, q) 148
8.7. The Number of Semisimple Classes 149
8.8. F-Stable Maximal Tori 150
8.9. Regular Semisimple Classes 151
8.10. Centralizers of Semisimple Elements 152



CONTENTS xiii

8.11. Counting Semisimple Classes in a Genus 153
8.12. Regular Unipotent Elements 154
8.13. Character Degrees 155
8.14. The Number of Unipotent Elements 156
8.15. Unipotent Classes: Strategies 157
8.16. Unipotent Classes: Exceptional Types 158
8.17. The Total Number of Classes 160
8.18. Class Numbers of Exceptional Groups 161

Chapter 9. Springer's Weyl Group Representations 163
9.1. Representations of Weyl Groups 163
9.2. The Springer Correspondence 165
9.3. Example: G2 166
9.4. Other Simple Types 167
9.5. Constructions of Springer Representations 168
9.6. Properties of the Representations 169
9.7. Generalized Springer Correspondence 170
9.8. Green Functions 171
9.9. Computations of Green Functions 172
9.10. G2 Revisited 173
9.11. Affine Springer Representations , 174

Chapter 10. Complements 175
10.1. Unipotent Classes and Cells in Affine Weyl Groups 175
10.2. Embedding Unipotents in Rank 1 Subgroups 176
10.3. Parabolic Subgroups with Abelian Unipotent Radical 177
10.4. Conjugacy Classes of n-tuples 177
10.5. Centers of Centralizers 178
10.6. Torsion Primes 178
10.7. Classical Groups over Arbitrary Fields 179
10.8. Local and Global Fields 180
10.9. Rational Elements in Conjugacy Classes 180

References 183
Index 195


