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Series Preface 

Mathematics is playing an ever more important role in the physical and 
biological sciences, provoking a blurring of boundaries between scientific 
disciplines and a resurgence of interest in the modern as well as the clas
sical techniques of applied mathematics. This renewal of interest, both in 
research and teaching, had led to the establishment of the series: Texts in 
Applied Mathematics (TAM). 

The development of new courses is a natural consequence of a high level of 
excitement on the research frontier as newer techniques, such as numerical 
and symbolic computer systems, dynamical systems, and chaos, mix with 
and reinforce the traditional methods of applied mathematics. Thus, the 
purpose of this text book series is to meet the current and future needs of 
these advances and encourage the teaching of new courses. 

TAM will publish textbooks suitable for use in advanced undergraduate 
and beginning graduate courses, and will complement the Applied Math
ematical Sciences (AMS) series, which will focus on advanced textbooks 
and research level monographs. 



Preface 

First, let me say hello and welcome to the subject of perturbation meth
ods. For those who may be unfamiliar with the topic, the title can be 
confusing. The first time I became aware of this was during a family re
union when someone asked what I did as a mathematician. This is not an 
easy question to answer, but I started by describing how a certain seg
ment of the applied mathematics community was interested in problems 
that arise from physical problems. Examples such as water waves, sound 
propagation, and the aerodynamics of airplanes were discussed. The dif
ficulty of solving such problems was also described in exaggerated detail. 
Next came the part about how one generally ends up using a computer to 
actually find the solution. At this point I editorialized on the limitations 
of computer solutions and why it is important to derive, if at all possible, 
accurate approximations of the solution. This lead naturally to the men
tioning of asymptotics and perturbation methods. These terms ended the 
conversation because I was unprepared for their reactions. They were not 
sure exactly what asymptotics meant, but they were quite perplexed about 
perturbation methods. I tried, unsuccessfully, to explain what it means, 
but it was not until sometime later that I realized the difficulty. For them, 
as in Webster's Collegiate Dictionary, the first two meanings for the word 
perturb are "to disturb greatly in mind (disquiet); to throw into confusion 
(disorder)." Although a cynic might suggest this is indeed appropriate for 
the subject, the intent is exactly the opposite. (For a related comment, see 
Exercise 3.4.1(d).) 

In a nutshell, this book serves as an introduction into how to system
atically construct an approximation of the solution of a problem that is 



viii Preface 

otherwise intractable. The methods all rely on there being a parameter in 
the problem that is relatively small. Such a situation is relatively common 
in applications, and this is one of the reasons that perturbation methods 
are a cornerstone of applied mathematics. One of the other cornerstones is 
scientific computing, and it is interesting that the two subjects have grown 
up together. However, this is not unexpected given their respective capabil
ities. When using a computer, one is capable of solving problems that are 
nonlinear, inhomogeneous, and multidimensional. Moreover, it is possible 
to achieve very high accuracy. The drawbacks are that computer solutions 
do not provide much insight into the physics of the problem (particularly 
for those who do not have access to the appropriate software or computer), 
and there is always the question as to whether or not the computed solu
tion is correct. On the other hand, perturbation methods are also capable 
of dealing with nonlinear, inhomogeneous, and multidimensional problems 
(although not to the same extent as computer-generated solutions). The 
principal objective when using perturbation methods, at least as far as the 
author is concerned, is to provide a reasonably accurate expression for the 
solution. By doing this one is able to derive an understanding of the physics 
of the problem. Also, one can use the result, in conjunction with the orig
inal problem, to obtain more efficient numerical procedures for computing 
the solution. 

The methods covered in the text vary widely in their applicability. The 
first chapter introduces the fundamental ideas underlying asymptotic ap
proximations. This includes their use in constructing approximate solutions 
of transcendental equations as well as differential equations. In the sec
ond chapter, matched asymptotic expansions are used to analyze problems 
with layers. Chapter 3 describes a method for dealing with problems with 
more than one time scale. In Chapter 4, the WKB method for analyzing 
linear singular perturbation problems is developed, while in Chapter 5 a 
method for dealing with materials containing disparate spatial scales (e.g., 
microscopic versus macroscopic) is discussed. The last chapter examines 
the topics of multiple solutions and stability. 

The mathematical prerequisites for this text include a basic background 
in differential equations and advanced calculus. In terms of difficulty, the 
chapters are written so that the first sections are either elementary or in
termediate, while the later sections are somewhat more advanced. Also, 
the ideas developed in each chapter are applied to a spectrum of problems, 
including ordinary differential equations, partial differential equations, and 
difference equations. Scattered through the exercises are applications to in
tegral equations, integra-differential equations, differential-difference equa
tions, and delay equations. What will not be found is an in-depth discussion 
of the theory underlying the methods. This aspect of the subject is impor
tant, and references to the more theoretical work in the area are given in 
each chapter. 



Preface ix 

The exercises in each section vary in their complexity. In addition to the 
more standard textbook problems, an attempt has been made to include 
problems from the research literature. The latter are intended to provide 
a window into the wide range of areas that use perturbation methods. So
lutions to some of the exercises are available from the author's home page 
located at http://www.math.rpi.edu/ "'holmes. Also located there is an er
rata list. Those who may want to make a contribution to one of these files, 
or have suggestions about the text, can reach the author at holmes@rpi.edu. 

I would like to express my gratitude to the many students who took my 
course in perturbation methods at Rensselaer. They helped me immeasur
ably in understanding the subject and provided much needed encourage
ment to write this book. It is a pleasure to acknowledge the suggestions of 
Jon Bell, Ash Kapila, and Bob O'Malley, who read early versions of the 
manuscript. I would also like to thank Julian Cole, who first introduced 
me to perturbation methods and is still, to this day, showing me what the 
subject is about. 

Troy, New York 
August, 1994 

Mark H. Holmes 
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