
Applied Mathematical Sciences 
Volume 99 

Editors 
F. John J.E. Marsden L. Sirovich 

Advisors 
M. Ghil J .K. Hale J. Keller 
K. Kirchgiissner B.J. Matkowsky 
J.T. Stuart A. Weinstein 



Applied Mathematical Sciences 

1. John: Partial Differential Equations, 4th ed. 
2. Sirovich: Techniques of Asymptotic Analysis. 
3. Hale: Theory of Functional Differential Equations, 2nd ed. 
4. Percus: Combinatorial Methods. 
5. von Mises/Friedrichs: Fluid Dynamics. 
6. Freiberger/Grenonder: A Short Course in Computational Probability and Statistics. 
7. Pipkin: Lectures on Viscoelasticity Theory. 
8. Giacoglia: Perturbation Methods in Non-linear Systems. 
9. Friedrichs: Spectral Theory of Operators in Hilbert Space. 

10. Stroud: Numerical Quadrature and Solution of Ordinary Differential Equations. 
11. Wolovich: Unear Multivariable Systems. 
12. Berkovitz: Optimal Control Theory. 
13. Bluman/Cole: Similarity Methods for Differential Equations. 
14. Yoshizawa: Stability Theory and the Existence of Periodic Solution and Almost Periodic Solutions. 
15. Braun: Differential Equations and Their Applications, 3rd ed. 
16. Lefschetz: Applications of Algebraic Topology. 
17. Collatz/Wenerling: Optimization Problems. 
18. Grenander: Pattern Synthesis: Lectures in Pattern Theory, Vol. I. 
19. Marsden/McCraclcen: Hopf Bifurcation and Its Applications. 
20. Driver: Ordinary and Delay Differential Equations. 
21. Courant/Friedrichs: Supersonic Flow and Shock Waves. 
22. Rouche/Habets/Laloy: Stability Theory by Uapunov's Direct Method. 
23. Lamperti: Stochastic Processes: A Survey of the Mathematical Theory. 
24. Grenander: Pattern Analysis: Lectures in Pattern Theory, Vol. II. 
25. Davies: Integral Transforms and Their Applications, 2nd ed. 
26. Kushner/Clark: Stochastic Approximation Methods for Constrained and Unconstrained Systems. 
27. de Boor: A Practical Guide to Splines. 
28. Keilson: Markov Chain Models-Rarity and Exponentiality. 
29. de Veubeke: A Course in Elasticity. 
30. Shiatycki: Geometric Quantization and Quantum Mechanics. 
31. Reid: Sturmian Theory for Ordinary Differential Equations. 
32. Meis/Markowitz: Numerical Solution of Partial Differential Equations. 
33. Grenander: Regular Structures: Lectures in Pattern Theory, Vol. III. 
34. Kevorkian/Cole: Perturbation Methods in Applied Mathematics. 
35. Carr: Applications of Centre Manifold Theory. 
36. Bengtsson/Ghil/Kiillen: Dynamic Meteorology: Data Assimilation Methods. 
37. Saperstone: Semidynamical Systems in Infinite Dimensional Spaces. 
38. Lichtenberg/Lieberman: Regular and Chaotic Dynamics, 2nd ed. 
39. Piccini/Stampacchia/Vidossich: Ordinary Differential Equations in R". 
40. Naylor/Sell: Unear Operator Theory in Engineering and Science. 
41. Sparrow: The Lorenz Equations: Bifurcations, Chaos, and Strange Attractors. 
42. Guclcenheimer/Holmes: Nonlinear Oscillations, Dynamical Systems and Bifurcations of Vector Fields. 
43. Oclcendon/Taylor: lnviscid Fluid Flows. 
44. Pazy: Semigroups of Unear Operators and Applications to Partial Differential Equations. 
45. Glashoff/Gustafson: Linear Operations and Approximation: An Introduction to the Theoretical Analysis 

and Numerical Treatment of Semi-Infinite Programs. 
46. Wilcox: Scattering Theory for Diffraction Gratings. 
47. Hale et al: An Introduction to Infinite Dimensional Dynamical Systems-Geometric Theory. 
48. Murray: Asymptotic Analysis. 
49. Ladyzhenskaya: The Boundary-Value Problems of Mathematical Physics. 
50. Wilcox: Sound Propagation in Stratified Fluids. 
51. Golubitsky/Schaeffer: Bifurcation and Groups in Bifurcation Theory, Vol. I. 

(continued following index) 



Jack K. Hale Sjoerd M. Verduyn Lunel 

Introduction to 
Functional Differential 
Equations 
With 10 Illustrations 

Springer Science+Business Media, LLC 



Jack Hale 
School of Mathematics 
Georgia Institute of 

Sjoerd M. Verduyn Lunel 
Vrije Universiteit 

Amsterdam 
Technology 

Atlanta, GA 30332 
USA 

De Boelelaan 1081 a 
1081 HV Amsterdam 
The Netherlands 

Editors 

F. John 
Courant Institute of 

Mathematical Sciences 
New York University 
New York, NY 10012 
USA 

J .E. Marsden 
Department of 

Mathematics 
University of California 
Berkeley, CA 94720 
USA 

L. Sirovich 
Division of 

Applied Mathematics 
Brown University 
Providence, RI 02912 
USA 

Mathematics Subject Classification (1991): 34K20, 34A30, 39A10 

Library of Congress Cataloging-in-Publication Data 
Hale, Jack K. 

Introduction to functional differential equations/Jack K. Hale, 
Sjoerd M. Verduyn Lunel. 

p. em. - (Applied mathematical sciences ; v.) 
Includes bibliographical references. 
ISBN 978-1-4612-8741-4 ISBN 978-1-4612-4342-7 (eBook) 
DOI 10.1007/978-1-4612-4342-7 
I. Functional differential equations. I. Verduyn Lunel, S. M. 

(Sjoerd M.) II. Title. Ill. Series: Applied mathematical sciences 
(Springer-Verlag New York Inc.) ; v. 
QAI.A647 
[QA372] 
510 s-dc20 
[515'.35] 93-27729 

Printed on acid-free paper. 

© 1993 Springer Science+Business Media New York 
Originally published by Springer-Verlag New York Inc. in 1993 
Softcover reprint of the hardcover 1st edition 1993 
All rights reserved. This work may not be translated or copied in whole or in part without the 
written permission of the publisher (Springer Science+ Business Media, LLC), except for brief 
excerpts in connection with reviews or scholarly analysis. Use in connection with any form of 
information storage and retrieval, electronic adaptation, computer software, or by similar or 
dissimilar methodology now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even if 
the former are not especially identified, is not to be taken as a sign that such names, as nnder
stood by the Trade Marks and Merchandise Marks Act, may accordingly be used freely by 
anyone. 

Production managed by Natalie Johnson; manufacturing supervised by Jacqui Ashri. 
Photocomposed copy produced using the authors' TeX files. 

987654321 



Preface 

The present book builds upon an earlier work of J. Hale, "Theory of Func
tional Differential Equations" published in 1977. We have tried to maintain 
the spirit of that book and have retained approximately one-third of the 
material intact. One major change was a complete new presentation of lin
ear systems (Chapters 6~9) for retarded and neutral functional differential 
equations. The theory of dissipative systems (Chapter 4) and global at
tractors was completely revamped as well as the invariant manifold theory 
(Chapter 10) near equilibrium points and periodic orbits. A more complete 
theory of neutral equations is presented (see Chapters 1, 2, 3, 9, and 10). 
Chapter 12 is completely new and contains a guide to active topics of re
search. In the sections on supplementary remarks, we have included many 
references to recent literature, but, of course, not nearly all, because the 
subject is so extensive. 

Jack K. Hale 
Sjoerd M. Verduyn Lunel 
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