Mathematics and Its Applications

Olga Hadzic and Endre Pap

Fixed Point Theory in
Probabilistic Metric Spaces

Kluwer Academic Publishers



A C.LP. Catalogue record for this book is avanlable from the Library of Congress,

ISBN 1-4020-0129-0

Published by Kluwer Academic Publishers,
P.O. Box 17, 3300 AA Dordrecht, The Netherlands.

Sold and distributed in North, Central and South America

by Kluwer Academic Publishers,
101 Philip Drive, Norwell, MA 02061, U.5.A.

In all other countries, sold and distributed
by Kluwer Academic Publishers,
PO. Box 322, 3300 AH Dordrecht, The Netherlands.

Printed on acid-free paper

All Rights Reserved

© 2001 Kluwer Academic Publishers

No part of the material protected by this copynghl notice may be reproduced or
utilized in any form or by any means, electronic or mechanical,

including photocopying, recording or by any information storage and

retrieval system, without written permission tfrom the copyright owner,

Printed in the Netherlands



Contents

Introduction

1 Triangular norms

9

-}!

e ]
R ]

e

Triangular porms and conorms . . . . . . . . . . ... ..
Propertiesof t-norms . . . . .. ... ...

Ordinal sums . . . . . v« v vv v e s

Representation of continuous t-norms . . . . . . .

1.4.1 Pseudo-inverse

1.4.2 Additivegenerators . . . ... .. ........

1.4.3 Multiplicativegenerators . . . . . .. .0 000 a

[.4.4 Isomorphism of continuous 'lr{hlﬂlt‘{i(?dl] t-norms with either
TporTy . . o o o e

i.4.5 General continuous t-norms . . . . . .. ... ... ..

t-norms with left-continuous diagonals

Triangular normsof H-type . . . ... . .0 0o oo v o4

Comparisonof t-norms . . . . ... ... .......

1.7.1 Comparison of continuous irrhlm{*dvant -NOTImS |

I.
1.7.2 Comparison of continuous t-norms . . . .
1.7.3  Domination of t-norms

Countable extension of t-norms . . . . .

Probabilistic metric spaces

(Copulas and triangle functions . . . . . . .. .. .. 0000
2.1.1  Copulas
2.1.2  Triangle functions . . . . .

Definitions of probabilistic metric spaces . . . . . . . .. ...
Some classes of probabilistic metricspaces . . . . .. .. .. ..
2.3.1 Mengerand Waldspaces . . . .. ........

2.3.2 Transformation-generated spaces

2.3.3  E-processes and Markov chains.

Topology.uniformity, metrics and semi-metrics on ]]mhahlhallr metric

EPRORS (5% Y A EH S USRS ISR B TSI D SRR EE O an i

'|*f

L L

- @

;St

T

13
13
15
19

| e L]
bt =i

o Ind D B 2
(=L = e e R

=

35



CONTENTS

vl
2.5 Random normed and para-normed spaces . . . . . .. .. .. ... .. 65
OB PUIEG BICTIC RO . -« vowoovin o » powim % N wee S MO FOFE B B B e 70
2.7 Functions of non-compactness . . . . . . .. . . ... ..., 75
2.8 Probabilistic metric spaces related to decomposable measure . . . . . 85
2.8.1 Decomposablemeasures . . ... ... .. ........... 85
2.8.2 Related probabilistic metricspaces . . .. ... ........ 01
3 Probabilistic B-contraction principles for single-valued mappings 95
3.1 Probabilistic B-contraction principles . . . . . . . ... . ... ... . 96
3.2 Two special classes of probabilistic
GEONEERRRIONE covomin m ey & m mwar w ® D % 8 RS % & BT A R
3.3  Generalizations of probabilistic B-contractions principles for single-
pRIEO THAIDINED: 5 % L S G R e B vahd BB SN D S G 116
3.4 Fixed point theorems of Caristi'stype. . . . . . . .. ... ...... 132
3.5 Common fixed point theorems . . . . . . ... .. ........... 140
4 Probabilistic B-contraction principles for multi-valued mappings 155
4.1 Multi-valued contractions of Mihet’stype . . . . . . . .. .. ... .. 155
4.2 Multi-valued probabilistic ¥-contractions . . . . . ... ... ... .. 158
4.3 Probabilistic Nadler gq-contraction . . . . . .. ... .......... 162
4.4 A fixed point theoremof l[toh’stype . . . . . . .. .. .. .. ... .. 168
4.5 Fixed point theorems in probabilistic metric spaces with convex struc-
BUTEE: coas 6 v Goad % 5 St ¥ 5 Oia % 9 SRE w F Ea B o8 B s . 174
4.6 A common fixed point theorem for sequence of mappings . . . . . . . 181
5 Hicks’ contraction principle 185
5.1 Hicks’ contraction principle for single-valued mappings . . . . .. .. 185
5.2  Multi-valued generalizations of Hicks' contraction principle . . . . . . 195
6 Fixed point theorems in topological vector spaces and applications
to random normed spaces 205
6.1 Tychonoff’s and Browder’s fixed point theorems . . . .. .. ... .. 2006
6.2  Admissible subsets of topological vector spaces and their application
on the fixed point theory . . . . . . . . .. ..o, 213
6.3 Fixed point theorems of Krasnoselski'stype . . ... ... ... ... 225
6.4 Continuous dependence of the fixed points on the parameters of (a, g)-
condensing mappings . . . . . . . . ... it e e e e e e e e 233
6.5 A degree theory in topological vector spaces . . . . .. ... ... .. 239
Bibliography 245

Index 271





