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Preface

Undoubtedly, the Navier-Stokes equations are of basic importance within
the context of modern theory of partial differential equations. Although
the range of their applicability to concrete problems has now been clearly
recognised to be limited, as my dear friend and bright colleague K.R. Ra-
jagopal has showed me by several examples during the past six years, the
mathematical questions that remain open are of such a fascinating and
challenging nature that analysts and applied mathematicians cannot help
being attracted by them and trying to contribute to their resolution. Thus,
it is not a coincidence that over the past ten years more than seventy sig-
nificant research papers have appeared concerning the well-posedness of
boundary and initial-boundary value problems.

In this monograph I shall perform a systematic and up-to-date investiga-
tion of the fundamental properties of the Navier-Stokes equations, including
existence, uniqueness, and regularity of solutions and, whenever the region
of flow is unbounded, of their spatial asymptotic behavior. I shall omit
other relevant topics like boundary layer theory, stability, bifurcation, de-
tailed analysis of the behavior for large times, and free-boundary problems,
which are to be considered “advanced” ones. In this sense the present work
should be regarded as “introductory” to the matter.

I have divided the subject into two main parts: the first deals with steady
flow (boundary value problem) and the second relates to time-dependent
flow (initial-boundary value problem). Each part is self-contained and ba-
sically is not dependent on the other one, except for the case when the
behavior in time of perturbations to a given steady motion will be inves-
tigated. In both parts the nonlinear analysis is always preceded and sup-
ported by a suitable linear analysis. This latter study, however, assumes an
independent interest, and it is therefore treated in depth.

The cantus firmus of the entire work is represented by the approach in
Lebesgue spaces L. In fact, this treatment is at the basis of the resolution
of every problem considered throughout. I preferred to use such a general
approach (instead of that in L? or weighted L?), since it allows for a simpler
and unified resolution of questions both in bounded and unbounded regions.

The book is essentially mathematically self-contained: the knowledge of
Banach spaces and their basic properties (completeness, separability, re-
flexivity) along with some classical results on operator theory (e.g., con-
traction mapping theorem) are the only necessary prerequisites to reading
this book, which is devoted to students (graduate and undergraduate) and
those mathematicians and applied mathematicians who wish to become
acquainted with the subject.

I would like to thank warmly all my colleagues, co-workers, and friends
who, directly or indirectly, have contributed to the realisation of this book.



viii Preface

First of all, I am deeply indebted to Clifford Truesdell who in September
1983 invited me to write this monograph for the series Springer Tracts in
Natural Philosophy and who, over the past several years, has constantly
encouraged my efforts.

Dan Joseph, Salvatore Rionero, and Jim Serrin have independently and
affectionately guided my early steps on the hard and nonetheless fasci-
nating path of the Navier-Stokes theory, each one teaching me different
perspectives. To all of them I am grateful.

I express my sincere gratitude to Christian Simader and Hermann Sohr,
with whom I have enjoyed working and casting new light on more than one
problem, and to Paolo Maremonti, Wolfgang Borchers, and Konstantin
Pileckas, who are coauthors with me of several papers.

I also acknowledge, with pleasure, many stimulating and helpful conver-
sations I had with V. Coscia, R. Farwig, V.N. Maslennikova, A. Novotny,
M.C. Patria, R. Rautmann, R. Salvi, V.A. Solonnikov, W. von Wahl,
and M. Wiegner. In particular, I wish to thank V. Coscia, A. Novotny,
A. Passerini, and M.C. Patria for reading parts of the manuscript and
pointing out to me various misprints and mistakes.

I have received great benefit from teaching a course at the winter school
in Paseky (Czechoslovakia) during the month of December 1991, and hav-
ing discussions with well-trained young mathematicians and their trainer,
my friend Professor Enrico Neéas. For this (at least), I wish to thank the
organisers of the school and, in particular, Josef Mélek (Donna Peppa) and
Michael RGzicka.

Last, but not least, I wish to acknowledge the generous help of my dear
friend Dr. Gino Valenti, Director of the Construction Management Division
in the Office of the Architect of the Capitol, for allowing me access to the
Library of Congress in Washington, D.C., during the academic year 1984-
1985.

At this point, a married author usually recognises the unselfish and con-
tinuous encouragement of his wife. In fact, it is for me a great privilege and
pleasure to thank my wife, Professor Mariarosaria Padula, for spending
endless and enjoyable (to me) days and nights discussing and setting up
every topic of the book. To her, who in every respect has to be considered
coauthor of this monograph, I offer my everlasting gratitude and love.

Ferrara, via Porta Romana, Giovanni Paolo Galdi
June 1992



Preface to the First Revised
Edition

In this revised edition, I have corrected many misprints and some mistakes
that were present in the first edition of the book. I wish to thank all col-
leagues who have kindly pointed them out to me. The list of their names
is 80 long that if I would include it here, I would increase the probability
of generating many other new misprints and mistakes, thus going through
a neverending process.

There have been significant contributions to the mathematical theory of
steady-state Navier-Stokes equations since the first edition of this book,
like, for instance, those of K. Pileckas on the flow in domains with non-
compact boundaries. These new achievements are reflected in the extended
bibliography of this edition and referenced in the text. I have also entirely
modified Section X.5 and, partly, Section X.6 to include the joint results
of H. Sohr and me concerning the asymptotic structure of two-dimensional
flow in exterior doimains.

I completed this work during the academic year 1996/1997, while I was
visiting the Department of Mathematics at the University of Pittsburgh.
I take this opportunity to thank my colleagues for warm hospitality and
stimulating discussions and, in particular, John Chadam, Bill Layton and
Bryce McLeod.

Pittsburgh, Beechwood Blvd, Giovanni Paolo Galdi
April 1997



Contents

Preface

Preface to the First Revised Edition

I Steady-State Solutions of the Navier-Stokes Equations:
Statement of the Problem and Open Questions

I

Introduction . . . . . . . . . . i i i e e e e
1.1 Flowin Bounded Regions . . . . ... ............
1.2 Flow in Exterior Regions. . . . . .. ... ..........
1.2.1 Three-Dimensional Flow . . . . . .. .........
122 PlaneFlow ... ... ... ... ... ...
1.3 Flow in Regions with Unbounded Boundaries . . ... . ..
Basic Function Spaces and Related Inequalities

Introduction. . . . . . . . . . ... e e e e
Basic Notations and Preliminaries . ... ... ... .......

II.1
I1.2
I1.3
I1.4
IL.5

I1.6

The Lebesgue Spaces L7 . . . . . . ... ... ........
The Sobolev Spaces W™ and Embedding Inequalities . . .
Boundary Inequalities and the Trace of Functions of W™
Further Inequalities and Compactness Criteria in W™
The Homogeneous Sobolev Spaces D™'? and

Embedding Inequalities . . ... ...............
Approximation of Functions from D™9 by Smooth
Functions of Bounded Support. The Spaces Dg ™7 . . . . .

vii



xii

Contents

1.7 Pointwise behavior at Large Distances of Functions

from DY . L
11.8 Boundary Trace of Functions from D™(IR}) . . . ... ..
I1.9 Some Integral Transforms and Related Inequalities . . . . .
11.10 Notes for the Chapter . . . .. ... .............

III The Function Spaces of Hydrodynamics

Introduction. . . . . . .. ... ... e
I11.1 The Helmholtz-Weyl Decomposition of the Space L . .
I11.2 Relevant Properties of the Spaces Hyand G, . . . ... ..
I3 TheProblem V-v=f. ... .................
114 TheSpaces H} . .. ......................
II1.4.1 Bounded Domains . . ... ..............
II1.4.2 Exterior Domains . . . . .. ... ...........
111.4.3 Domains with Noncompact Boundary . ... .. ..
IIL5 The Spaces D@ . o v v v v et e e e ee e e
II1.6 Approximation Problems in Spaces H; and ’Dfl,"' ......
1I1.7 Notes for the Chapter . . . . . ... ... ... .......

IV Steady Stokes Flow in Bounded Domains

Introduction . . . . . . . . . . . e e e e
IV.1 Generalised Solutions. Existence and Uniqueness . . . . . .
1V.2 Existence, Uniqueness, and L9-Estimates in the

Whole Space. The Stokes Fundamental Solution. . . . . . .
1V.3 Existence, Uniqueness, and L?-Estimates in a

Half-Space. Evaluation of Green’'s Tensor . . .. ... ...
IV.4 Interior L9-Estimates . . . . . . . . .. ... ... .. ..
IV.5 Li-Estimates Near the Boundary . . . . ... ... .....
IV.6 Existence, Uniqueness, and L9-Estimates in a Bounded

Domain. The Green’s Tensor . . . ... ...........
IV.7 Existence and Uniqueness in Holder Spaces.

Schauder Estimates. . . . . . . . . ... .. . o
IV.8 Green’s Identity and Representation Formulas . . . . . . . .
IV.9 Notes for the Chapter . . . .. .. .. ... ... ...,

Steady Stokes Flow in Exterior Domains
Introduction . . . . v . o v i i e e e e e e e e e
V.1 Generalised Solutions. Preliminary Considerations and
Regularity Properties . . . . . . ... ... ...
V.2 Existence and Uniqueness of Generalised Solutions for
Three-Dimensional Flow . . . . .. .. ... ... ...
V.3 Representation of Solutions. Behaviour at
Large Distances and Related Results . . . ... .......
V.4 Existence, Uniqueness, and L?-Estimates: Strong Solutions

100
100
102
116
120
145
148
149
151
166
171
179

182
182
184

189
198
213
219
227
234

235
240

244
244

248

251

254
263



Contents

V.5 Existence, Uniqueness, and L9-Estimates:
g-generalised Solutions . . . . . ... ...l
V.6 A Characterisation of Certain Flows with Nonzero
Boundary Data. Another Form of the Stokes Paradox
V.7 Further Existence and Uniqueness Results for
g-generalised Solutions . . . . ... ... ..o
V.8 Notes for the Chapter . . . . ... ... ...

VI Steady Stokes Flow in Domains with
Unbounded Boundaries
Introduction. . . . . . . v v i e e e e e e e e
VI.1 Leray’s Problem: Existence, Uniqueness, and Regularity . .
V1.2 Decay Estimates for Flow in a Semi-infinite
Straight Channel . . . ... ... ...............
V1.3 Flow in Unbounded Channels with Unbounded Cross
Sections. Existence, Uniqueness, and Regularity . . . . . . .
V1.4 Pointwise Decay of Flows in Channels with Unbounded
CrossSection . . . ... ... ...,
VI.5 Existence, Uniqueness, and Asymptotic Behaviour
of Flow Through an Aperture . . . . ... ... .......
VI.6 Notes forthe Chapter . . . ... ... ............

VII Steady Oseen Flow in Exterior Domains

Introduction. . . . . . . . . . . ... e e
VIIL.1 Generalised Solutions. Regularity and Uniqueness . . . . .
VI1.2 Existence of Generalised Solutions for

Three-Dimensional Flow . . ... ..............
VII1.3 The Oseen Fundamental Solution and the

Associated Volume Potentials . ... ............
VII.4 Existence, Uniqueness, and LI-Estimates in the

WholeSpace . . . .. ... ... ... ............
VIIL.5 Existence of Generalised Solutions for Plane Flows in

Exterior Domains . . ... ..................
VIL.6 Representation of Solutions. Behaviour at

Large Distances and Related Results . . . . ... .....
VIIL.7 Existence, Uniqueness, and LI-Estimates in

Exterior Domains . . ... ..................
VII.8 Limit of Vanishing Reynolds Number. Transition to

the Stokes Problem . ... ..................

Bibliography

Index

xiii



