
Lecture Notes in
Mathematics
Edited by A. Dold and B. Eckmann

1190

Optimization and
Related Fields
Proceedings of the "G. Stampacchia International
School of Mathematics" held at Erice, Sicily
September 17-30, 1984

Edited by R. Conti, E. De Giorgi and F. Giannessi

Springer-Verlag
Berlin Heidelberg NewYork Tokyo



Editors

Roberto Conti
Istituto Matematico "U.DINI", Universita di Firenze
Viale Morgagni 67/A, 50134 Firenze, Italy

Ennio De Giorgi
Scuola Normale Superiore
Piazzadei Cavalieri 7, 56100 Pisa, Italy

Franco Giannessi
Dipartimento di Matematica, Universita di Pisa
Via F. Buonarroti 2, 56100 Pisa, Italy

Mathematics Subject Classification (1980): 49-XX, 65KXX, 90CXX

ISBN 3-540-16476-6 Springer-Verlag Berlin Heidelberg New York Tokyo
ISBN 0-387-16476-6 Springer-Verlag New York Heidelberg Berlin Tokyo

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically those of translation, reprinting, re-use of illustrations, broadcasting,
reproduction by photocopying machine or similar means, and storage in data banks, Under
§ 54 of the German Copyright Law where copies are made for other than private use, a fee is
payable to "Verwertungsgesellschaft Wort", Munich.

© by Springer-Verlag Berlin Heidelberg 1986
Printed in Germany

Printing and binding: Beltz Offsetdruck, Hemsbach/Bergstr.
2146/3140-543210



Preface

06 Schoof 06

dev ot.e d. t.o a.nd HeLd 17

30 1984, .th e. s Lt:« xh e. "

Seierdi6,[e En.i.c.e., SiciLy.

and by an

60ft among

06 06

06 pftogftamming,

on. Such a

a to

Th»: by 67 12 the

dition 06 Majo/Lana 6M SC-lenti6ic

"Lnv i.r e.d Oft a6

not in ;

06 Ph.V.

06 .t.o ,the 60Llow,[ng

- On in applica-

by B. Bank;

by B.

Bank;

- by

- On a in by R.

- optimal c,onthol 06

by C.EngbLom;

-

on by P.Favati

- 06 optimal 06 hOftizon



IV

by S.V.Ffam;

- and in by

- and in -

ming, Nahh by and

- by

- by

- GenelLafized Belfman equation the plLoblem in

by F.Mignanego;

and 06 in

by N.S.PapageolLgiou;

LaglLangian in nonlln glLamming by M. Pappa.talLdo;

- On image 06 a by

- gap: an bound and a 06

gap by

- and by

F.TomalLelfl;

- Jacobi optlmaf by V.Zeldan.

We to aff thohe who tOOQ in the

mention hhoufd be made 06 the

CentlLe in which 066elLed ith 6acifltleh and htimulating

the meeting. We af! indebted to the Itafian

Nationaf (C.N.R.), and MinihtlLY 06

Education 60lL theilL 6inanciaf hUPPolLt. Finafly we want to ex-

thanQh to 60lL un6aifing

R. Conti

E. Ve (Piha)

F. Giannehhi (Piha)



Contents

1 Generalized Reduced Gradient and Global Newton Methods (J. Abadie). . . •. •. . . . 1

1. Introduction.......................................... 1
2. Notations and algebraic preliminaries............. 1
3. The global Newton method............... 4
4. The generalized reduced gradient approach to global

Newton 7
5. Constrained optimization ,. 13
6. Numerical experiments 14
7. Conclusions 20

2 Epi-Convergence and Duality. Convergence of Sequences of Marginal and Lagrangians
Fuaetions, Applications to Homogenization Problems in Mechanics (H. Attouch) 21
1. Epi-convergence and duality. Historical introduction.. 21
2. Epi-convergence. Definition and variational propert-

ies 26
3. Continuity of the Legendre-Fenchel transformation with

respect to epi-convergence .. 31
4. Convergence of dual variables. An example of the epi-

convergence approach on an homogenization problem .... 39
5. Convergence of primal and dual variables. A general

approach via epi-convergence of marginal functions.... 47
6. A unifying point of view: epi/hypo convergence of La-

grangians 50
3 Non-Linear Separation Theorems, Duality and Optimality Conditions (A. Cambini) . . . 57

1. Introduction 57
2. Theorems of the alternative and separation functions.. 57
3. Weak alternative and optimality conditions. 64
4. Strong alternative and optimality conditions 72
5. Lagrangean penalty approaches '" 76
6. Duality.............................................. 80
7. ReguLar-I t y •...........•.......................•...•.. 83
8. The image of a constrained problem........ 86
9. Concluding remarks 90

4 Convergence of Equilibria in the Theory of Games (E. Cavazzuti} 95
1. Introduc tion .............•........................... 95
2. Regularization operators, stable pairs, closed func-

tions 96
3. Definitions and properties of r-limits 104
4. Variational properties of r-limits .. 106
5. Solution concepts 112
6. Convergences for saddle point problems and their prop-

erties 115
7. An example 123



VI

8. Convergence of Nash equilibria 125
5 On Pareto's Problems (J. P. Cecconi) , •.•.•.•.• , •...• ' 31

1. Introduction 131
2. Existence of Pareto points 141
3. Properties of Pareto points: support s, efficien-

cy 48
4. Existence of Pareto minima for vector functions •. 159

6 Tonelli's Regularity Theory in the Calculus of Variations: Recent Progress (F. H. Clarke) 163
1. Introduction: the naive theory................ 63
2. Tonelli's existence theory........................... 166
3. The Ball-Mizel problem _ i. 169
4. Tonelli's necessary condition and regularity theory .. , 170
5. Classes of well-behaved problems 171
6. Conditions on the Bernstein function 172
7. Polynomial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
8. Local existence 174
9. Local existence and the dual action 175

7 Convergence of Unilateral Convex Sets (G. Dal Maso) 181
8 Continuity of Bilinear and Non-Bilinear Polarities (5. Dolecki) 191

1. Introduction 191
2. Polarities 193
3. Convergences 195
4. Continuity of ies with respect to (-,+) andd ., 202
5. Continuity of polarities with respect to (+,-) and

(-, -) :........................ 204
6. Semicontinuity of value functions 208
7. Continuity of conj 211

9 Some Complements of Complex Analysis (I. Ekeland). • . • . • . • . • . . . . . . . • . . 21 5
1. Introduction 215
2. Theorem of Bronstead-Rockafellar 218
3. Theorem of Toland 221

10 Abstract f-Convergence(T. Franzoni) .' .'. 229

11 Constructive Aspects in Time Optimal Control (R. Hoppe) .•...•.•.....•. 243
1. Introduction......................................... 243
2. Discrete convergence in discrete approximations 246
3. Convergence of input maps and reachable sets 251
4. Convergence of minimum times and optimal controls..... 260
5. Applications 264

12 Distributed Systems with Uncomplete Data and Lagrange Multipliers (J. L. Lions) . 273
1. Introduction 273
2. Elliptic system, "well set" situation................. 281
3. Elliptic system, "non well set" situation............. 285
1j. Parabolic system 296
5. Hyperbolic system 301

13 Some Applications of Penalty Functions in Mathematical Programming (0. L. Mangasarian) 307
1. Lnt r-odu c t i on .....................................•.... 308
2. Some fundamental properties of exterior penalty func-

tions 310
3. Bounds and existence for dual convex programs. 316



VII

4. Penalty functions in linear programming 325
5. Appendix 328

14 Dual Properties of Sequential Gradient-Restoration Algorithms for Optimal Control
Problems (A. Miele and T. Wang) . . . • . . . . . . . . . . . . . . . • . • . . . • . 331

1. Introduction '. . . . . . . . . . . . . 331
2. General problem 333
3. Gradient phase, primal formulation 337
4. Gradient phase, dual formulation ,. 340
5. Gradient phase, computational implications....... 342
6. Reftoration phase, primal formulation .. 346
7. Restoration phase, dual formulation 9
8. Restoration phase, computational implications 351
9. Comments 355

10. Conclusions 355
15 Stochastic Homogenization and Theory (L. Modica) . . . • .• . •. •. ., •. 35 9

16 On the Hypo-Convergence of Probability Measures (R. J. B Wets and G. Salinetti) . •. 371
I. Lnt r-oduc t i on 371
2. Convergence of sets and semicontinuous functions.. 373
3. Semicontinuous measures on F 377
4. Hypo-convergence of probability sc-measures on F

and Prohorov's theorem.......... 390
17 Stability Analysis in Optimization (T. Zolezzi) . . . . . " ., .. .. .. . .• . • . • . 397

1. Introduction......................................... 397
2. Convergence results for approximate and exact

solutions 397
3. Applications to mathematical programming.. 408
4. Performance stability and relaxation stability in

optimal control 414



Contributing Authors

J.ABADIE

H.ATTOUCH

A.CAMBINI

E.CAVAZZUTI

J.P.CECCONI

H.CLARKE

G.DAL MASO

S.DOLECKI

I.EKELAND

T.FRANZONI

R.HOPPE

L.LIONS

L.MANGASARIAN

A.MIELE

L.MODICA

R.WETS

T.ZOLEZZI

Univ. of Chicago ,Graduate School of Business, 1101
East 58th Street, Chicago,Illinois 60637, U.S.A.

Inst. de Mat hema t i.quc , Uni.ve r s i t e de Paris-Sud,Cen-
tre d'Orsay, 91405 Orsay Cedex, France .

. di Matematica, Univ. di Pisa, Via Buonarroti
2, Pisa, Italia.

1st. di Ha t erna t Lca , Univ. di Modena ,Via ampi 213/b,
41100 Modena, Italia.

1st. di Matematica, Univ. di Genova, Via L.B.Al-
berti 4, 16132 Genova, Italia.

Centre de Recherche de Mathematiques ,
Universite de Montreal, C.P. 6128, succursale A,
Montreal, (Quebec), Canada H3C 3J7.

1st. di Matematica, Univ. di Udine, Via Mantica 1,
33100 Udine, Italia.

de Mathematiques, Universite de Limoges 123,
rue Albert Thomas, 87060 Limoges Cedex, France.

Univ. de Paris 9 Dauphine, Place du Marechal De
Lattre De Tassigny, 7577 Paris 16, France.

1st. di Matematica Appl., di Ingegneria,
Univ. di Pisa, Via Bonanno 25bis,56100 Pisa,Italia.

Fachbereich Math., Technische Universitat Berlin,
Str.d.17 Juni 135, 1000 Berlin 12, West Germany.

de France, 11 Place Marcelin-Berthelot,
75231 Paris Cedex 05, France.

Univ. of Wisconsin, Computer Sciences Dept., 1210
West Dyaton Street, Madison, WI 53706, U.S.A.

Aero-Astronautics Group, 230 Ryon Building, Rice
Univ., POB 1892, Houston, 77251, U.S.A .

. di Matematica , Univ. di Pisa, Via Buonarro-
ti 2, 56100 Pisa, Italia.

Dept. of Mathematics, Univ. of KentuCky Lexington,
KY , U.S.A.

1st. di Matematica, Univ. di Genova, Via L.B.Al-
bert 4, 16132 Genova, Italia.


