
M. di Bernardo C.J. Budd A.R. Champneys
P. Kowalczyk

Piecewise-smooth
Dynamical Systems
Theory and Applications



Mario di Bernardo, Laurea; PhD
Department of Engineering Mathematics
University of Bristol, Bristol BS8 1TR, UK
and
Department of Systems and Computer Science
University of Naples Federico II, Naples, Italy

Alan R. Champneys, BSc; DPhil
Department of Engineering Mathematics
University of Bristol, Bristol BS8 1TR, UK

Christopher J. Budd, MA; DPhil
Department of Mathematical Sciences
University of Bath, Bath BA2 7AY, UK

Piotr Kowalczyk, MSc; PhD

Department of Engineering Mathematics
University of Bristol, Bristol BS8 1TR, UK

and

Editors:

S.S. Antman
Department of Mathematics
and
Institute for Physical 
 Science and Technology
University of Maryland
College Park, MD 20742-4015
USA
ssa@math.umd.edu

The authors gratefully acknowledge the help of Dr Petri Piiroinen of the National University of 
 Ireland at Galway, who used his novel numerical routines for piecewise-smooth dynamical systems to 
create the cover fi gure.

British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library

ISBN: 978-1-84628-039-9 e-ISBN: 978-1-84628-708-4

Printed on acid-free paper

Library of Congress Control Number: 2007937295

Mathematics Subject Classifi cation (2000): 34A36; 70K50; 37D45; 93C65; 70E55

© Springer-Verlag London Limited 2008

Apart from any fair dealing for the purposes of research or private study, or criticism or review, 
as permitted under the Copyright, Designs and Patents Act 1988, this publication may only be 
reproduced, stored or transmitted, in any form or by any means, with the prior permission in writing 
of the publishers, or in the case of reprographic reproduction in accordance with the terms of licences 
issued by the Copyright Licensing Agency. Enquiries concerning reproduction outside those terms 
should be sent to the publishers.
The use of registered names, trademarks, etc. in this publication does not imply, even in the absence of 
a specifi c statement, that such names are exempt from the relevant laws and regulations and therefore 
free for general use.
The publisher makes no representation, express or implied, with regard to the accuracy of the 
information contained in this book and cannot accept any legal responsibility or liability for any errors 
or omissions that may be made.

9 8 7 6 5 4 3 2 1

Springer Science + Business Media
springer.com

J.E. Marsden
Control and Dynamical 
 Systems, 107-81
California Institute of Technology
Pasadena, CA 91125
USA
marsden@cds.caltech.edu

L. Sirovich
Laboratory of Applied 
 Mathematics
Department of Biomathematical 

Sciences
Mount Sinai School of Medicine
New York, NY 10029-6574
USA
chico@camelot.mssm.edu

School of Engineering
Computer Science and Mathematics,
University of Exeter, Exeter EX4 4QF, UK



Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Why piecewise smooth? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Impact oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Case study I: A one-degree-of-freedom impact oscillator 6
1.2.2 Periodic motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2.3 What do we actually see? . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.2.4 Case study II: A bilinear oscillator . . . . . . . . . . . . . . . . . . . 26

1.3 Other examples of piecewise-smooth systems . . . . . . . . . . . . . . . . 28
1.3.1 Case study III: Relay control systems . . . . . . . . . . . . . . . . 28
1.3.2 Case study IV: A dry-friction oscillator . . . . . . . . . . . . . . . 32
1.3.3 Case study V: A DC–DC converter . . . . . . . . . . . . . . . . . . 34

1.4 Non-smooth one-dimensional maps . . . . . . . . . . . . . . . . . . . . . . . . 39
1.4.1 Case study VI: A simple model of irregular heartbeats . 39
1.4.2 Case study VII: A square-root map . . . . . . . . . . . . . . . . . . 42
1.4.3 Case study VIII: A continuous piecewise-linear map . . . 44

2 Qualitative theory of non-smooth dynamical systems . . . . . . 47
2.1 Smooth dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.1.1 Ordinary differential equations (flows) . . . . . . . . . . . . . . . 49
2.1.2 Iterated maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.1.3 Asymptotic stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.1.4 Structural stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
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