ZURICH LECTURES IN ADVANCED MATHEMATICS

Camillo De Lellis

Rectifiable Sets, Densities
and lTangent Measures

E uropean M athematical Society



Prof. Camillo De Lellis
Insitut fir Mathematik
Universitdt Ziirich
Winterthurerstrasse 190
CH-8057 Zirich
Switzerland

2000 Mathematics Subject Classification (primary; secondary) 28A75; 26815, 49015, 49020.

ISBN 978-3-03719-044-9

The Swiss National Library lists this publication in The Swiss Book, the Swiss national bibliography,
and the detailed bibliographic data are available on the Internet at http://www.helveticat.ch.

This work is subject to copyright. All rights are reserved, whether the whole or part of the matenal is
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting,
reproduction on microfilms or in other ways, and storage in data banks. For any kind of use permission
of the copyright owner must be obtained.

© 2008 European Mathematical Society

Contact address:

Eurcpean Mathematical Society Publishing House
Seminar for Applied Mathematics

ETH-Zentrum FLI C4

CH-8092 firich

Switzerland

Phone: +41 [0)44 632 34 36
Email: infod@ems-ph.org
Homepage: www.ems-ph.org

Printed on acid-free paper produced from chlorine-free pulp. TCF =
Printed in Germany
987654321



Contents

1 IntroducHon:: : s e a @ @ S Wh e e On i B aree 1

2 Nomtion and preliENIes . ;560 o5 66 v S iy 45 8% i e vai 4

2.1 Genernalnotationand measures . . .. .ou .. aa s g iioa s s 4

2.2 Weak” convergenceofmeasures . . . . . . . . v o v v vt e 0 e e . )

2.3 Covering theorems and differentiation of measures . . . ... ... .. 9

28 Hasdorli measures ; o : ;o5 55 s i s ealais s &5 ae S aaas 10

2.5 Fouchatr INEhONE .« o vuisa i o oe B i s B S B S 11

2.0 The Sione-Weersirans THEOWR . - : oo vnvav oo v vd e ams s 12

3 Marstrand’s Theorem and tangent measures . . . . . .« v v v v v v v v v v 13

3.1 Tangentmeasuresand Proposition3.4. ... ... ............ 16

3.2 Lema3.Tand somecasy FEmEIES i o P v Gad s e b e i 21

¥ Proolof LEma AR oo o i o wiiiinss S0 S B i 22

33 POl OGO .. o ces 5w S somnmaria Ean KA R RO 29

B BECIINABINIY . o vos von s wion iun wh oo ih wi0e 5w 27

4.1 The Area FormulaI: Preliminary lemmas. . ... ........... . 29

4.2 TheAveaPormulall oo i3 i sh iiaiaiais i iva 805 ¥e ¥4 32

4.3 The Geometric Lemma and the Rectifiability Criterion . . . . . . . .. 35

44 ProolOETHEOPeME 4.8 . v ovinie win i iide Sisdse e 659 605 %58 w06 e 37

5 The Marstrand—Mattila Rectifiability Criterion . . . . . ... ... ... .. 40

5.1 Preliminaries: Purely unrectifiable sets and projections . . . . ... .. 42

5.2 The proof of the Marstrand—Mattila rectifiability criterion . . . . . . . 47

5.7 PooolofTheotem Sl oo i 15 i o e &9 o6 ia aeens 53

6 AnoverviewolPreiss proof .o.o.n v v ve vl e v v v e 56

6. THEEORELNE =20 £ BRDN ss wmmvnen e v o sowmie a5 ¥4 59

6.2 Part Aof Preiss Strategy . . . . . . o i v v i o e e e e e e e e 63

6.3 Part B of Preiss’ strategy: Three mainsteps . .. .. ... ... ... . 65

6.4 From the three main steps to the proof of Theorem 6.10. . . . . . . .. 66

7 Moments and unigqueness of the tangent measure at infinity . . . ... ... 70
7.1 From Proposition 7.7 to the uniqueness of the tangent measure at

Y 255 i B S RRREE S SR e R i NE R miadi 74

7.2 Elementary bounds on b ; and the expansion(7.5) ... ... .. ... 76

13 ProctoE Prapostiom T v e o asw sveisonss e0p 5o o5 wi wa 79



Vi Contents

8 Flatversuscurvedatinfinity . . . . . . . ... .. . o oo 85
8.1 The tangent measure at infinity isacone . . ... .. ... ... .... 88
8.2 Conical anHorm messives . . - cciais e st wi waieienw a5 s 0% 3 88
8.3 PROOFOr PropoRIoN By & oo sovmisn oo e0n ol smidosm e s w0 3 91
9 Flatness at infinity implies flatness . . . . . .. ... ... ......... . 95
9.1 Proofsof (iyand (iv) . . . . . . .. ... . i 99
9.2 -Anintegral formulaforer (B L V) i i o5 viian i i 6 e 100
9.3 Anintermediateineguality . . . . . o0 0 v v v i i e e i e 103
94 Proofof (9. 7)andconclusion . ............. 0o uunon 106
T OPEn PROBIBIIR onraore s pon son somowomes S as s S0 SONLPIEE KDE S 110
Appendix A. Proof of Theotemi .11 . v ovovv s i s w ssmmmom e sow s s 117
Appendix B. Gaussianintegrals . . ... ... ... ... ...c.u..... . 122
L S r———— 125






