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Preface 

This book provides an introduction to the theory of turbulence in fluids 
based on the representation of the flow by means of its vorticity field. It 
has long been understood that, at least in the case of incompressible flow, 
the vorticity representation is natural and physically transparent, yet the 
development of a theory of turbulence in this representation has been slow. 
The pioneering work of Onsager and of Joyce and Montgomery on the 
statistical mechanics of two-dimensional vortex systems has only recently 
been put on a firm mathematical footing, and the three-dimensional theory 
remains in parts speculative and even controversial. 

The first three chapters of the book contain a reasonably standard intro
duction to homogeneous turbulence (the simplest case); a quick review of 
fluid mechanics is followed by a summary of the appropriate Fourier theory 
(more detailed than is customary in fluid mechanics) and by a summary 
of Kolmogorov's theory of the inertial range, slanted so as to dovetail with 
later vortex-based arguments. The possibility that the inertial spectrum is 
an equilibrium spectrum is raised. 

The remainder of the book presents the vortex dynamics of turbulence, 
with as little mathematical and physical baggage as is compatible with 
clarity. In Chapter 4, the Onsager and Joyce-Montgomery discoveries in 
the two-dimensional case are presented from a contemporary point of view, 
and more rigorous recent treatments are briefly surveyed. This is where 
the peculiarities of vortex statistics, in particular negative (trans-infinite) 
temperatures, first appear. Chapter 5 summarizes the fractal geometry of 
vortex stretching, and Chapter 6 provides a brief but self-contained in
troduction to the tools needed for further analysis, in particular polymer 



vi Preface 

statistics, percolation, and real-space renormalization. In Chapter 7, these 
tools are used to analyze a simple model of three-dimensional vortex statis
tics. The Kolmogorov theory is revisited; a rationale is provided for the ef
fectiveness of some large-eddy approximations; and an instructive contrast 
is drawn between classical and superfluid turbulence. 

Some practical information about approximation procedures is provided 
in the book, as well as tools for assessing the plausibility of approximation 
schemes. The emphasis, however, is on the understanding of turbulence
its origin, mechanics, spectra, organized structures, energy budget, and 
renormalization. The physical space methodology is natural, and makes 
the reasoning particularly straightforward. Open questions are indicated 
as such throughout the book. 

February 1993 



Contents 

Preface 

Introduction 

1. The Equations of Motion 
1.1. The Euler and Navier-Stokes Equations 
1.2. Vorticity Form of the Equations . 
1.3. Discrete Vortex Representations . . . . . 
1.4. Magnetization Variables ........ . 
1.5. Fourier Representation for Periodic Flow . 

2. Random Flow and Its Spectra 
2.1. Introduction to Probability Theory 
2.2. Random Fields .......... . 

v 

1 

5 
5 
9 

12 
17 
21 

25 
25 
30 

2.3. Random Solutions of the Navier-Stokes Equations 36 
2.4. Random Fourier Transform of a Homogeneous Flow Field 39 
2.5. Brownian Motion and Brownian Walks . . . . . . . . . . . 44 

3. The Kolmogorov Theory 49 
3.1. The Goals of Turbulence Theory: Universal Equilibrium 49 
3.2. Kolmogorov Theory: Dimensional Considerations . . 51 
3.3. The Kolmogorov Spectrum and an Energy Cascade . 55 
3.4. Fractal Dimension . . . . . . . . . . 58 
3.5. A First Discussion of Intermittency . . . . . . . . . . 61 



viii Contents 

4. Equilibrium Flow in Spectral Variables and in Two Space 
Dimensions 67 
4.1. Statistical Equilibrium . . . . . . . . . . . . . . . . . . . . . 67 
4.2. The "Absolute" Statistical Equilibrium in Wave Number Space 72 
4.3. The Combinatorial Method: The Approach to Equilibrium 

and Negative Temperatures . . . . . . . . . . . . . . . . . . 7 4 
4.4. The Onsager Theory and the Joyce-Montgomery Equation . 77 
4.5. The Continuum Limit and the Role of Invariants . . . . . . 80 
4.6. The Approach to Equilibrium, Viscosity, and Inertial Power 

Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 

5. Vortex Stretching 
5.1. Vortex Lines Stretch . . . . . . . . . . . . . . . . 
5.2. Vortex Filaments ........... . .. . .. . 
5.3. Self-Energy and the Folding of Vortex Filaments 
5.4. Fractalization and Capacity 
5.5. Intermittency ..... . . . 
5.6. Vortex Cross-Sections .. . 
5.7. Enstrophy and Equilibrium 

91 
91 
94 
96 
99 

101 
106 
108 

6. Polymers, Percolation, Renormalization 113 
6.1. Spins, Critical Points and Metropolis Flow . . . . . . . 113 
6.2. Polymers and the Flory Exponent . . . . . . . . . . . 116 
6.3. The Vector-Vector Correlation Exponent for Polymers 119 
6.4. Percolation . . . . . . . . 121 
6.5. Polymers and Percolation . . . . . 124 
6.6. Renormalization . . . . . . . . . . 126 
6. 7. The Kosterlitz-Thouless Transition 128 
6.8. Vortex Percolation/>. Transition in Three Space Dimensions 132 

7. Vortex Equilibria in Three-Dimensional Space 
7.1. A Vortex Filament Model ............ . 

135 
135 

7.2. Self-Avoiding Filaments of Finite Length. . . . . 137 
7.3. The Limit N-+ oo and the Kolmogorov Exponent 140 
7.4. Dynamics of a Vortex Filament: Viscosity and Reconnection 144 
7.5. Relation to the >. Transition in Superfluids: Denser Suspen-

sions of Vortices . . . . . . . . . . . . . . . . . . . . . . . . 149 
7.6. Renormalization of Vortex Dynamics in a Turbulent Regime 152 

Bibliography 157 

Index 169 


