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Introduction

This book is written as an introduction to higher algebra for students with
a background of a year of calculus. The first edition of this book emerged
from a set of notes written in the 1970s for a sophomore-junior level course
at the University at Albany entitled "Classical Algebra."

The objective of the course, and the book , is to give students enough
experience in the algebraic theory of the integers and polynomials to appre 
ciate the basic concepts of abstract algebra . The main theoretical thread is
to develop algebraic properties of the ring of integers: unique factorization
into primes, congruences and congruence classes, Fermat's theorem, the
Chinese remainder theorem ; and then again for the ring of polynomials.
Doing so leads to the study of simple field extensions, and, in particular, to
an exposition of finite fields. Elementary properties of rings, fields, groups,
and homomorphisms of these objects are introduced and used as needed in
the development.

Concurrently with the theoretical development, the book presents a
broad variety of applications, to cryptography, error-correcting codes, Latin
squares, tournaments, techniques of integration, and especially to elemen
tary and computational number theory . A student who asks, "Why am I
learning this?," will find answers usually within a chapter or two.

For a first course in algebra, the book offers a couple of advantages.

• By building the algebra out of numbers and polynomials, the book
takes maximal advantage of the student's prior experience in algebra and
arithmetic. New concepts arise in a familiar context.

• The early introduction and extensive use of congruence classes pre
pares the student well to understand quotient structures in subsequent
courses.
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viii Introduction

In addition, for a first course in algebra, and especially for the only
course in algebra a student might take, the subject-matter of the book has
other intrinsic advantages: elegance, relevance, and vitality. .

Elegance. Einstein once wrote, "Pure mathematics is, in its way, the po
etry of logical ideas." The ideas in this book, I believe, display a beauty
which is inherent in all great mathematics. Number theory arose out of the
religious environment of the Pythagoreans, and attracted the best efforts of
Fermat, Euler, and Gauss, among the greatest mathematicians in history,
not because of any external stimulus, but because of its intrinsic attrac
tiveness.

Relevance. The development of computing power and the discovery of
the RSA cryptosystem have led to an explosion of research interest in com
putational number theory. Since the first edition appeared, the study of
factoring and primality testing, and related questions in number theory,
have entered the mainstream of mathematical research. The most striking
advances have appeared in the most prestigious research journals, as well as
in the daily newspapers.

Many of the advances in computational number theory are built on the
mathematics which is presented in this book.

Thus the book may be used as a first course in higher algebra, as origi
nally intended, but may also serve as an introduction to modern computa
tional number theory, or to applied algebra.

Vitality. Lynn Steen wrote not so long ago that in contrast to most other
sciences, a typical mathematics undergraduate is exposed to very little
mathematics discovered since 1800, and hence gets no sense that mathemat
ics is a rapidly growing science.

While much of the basic theory in this book dates from the eighteenth
century or before, many of the applications date from the last two decades. I
found it exciting to discover and present many of these newer applications
while writing this book. I hope the reader will gain from the book some
sense of the vitality of this branch of contemporary mathematics.

Notes on the Second Edition

The first edition of this book has been in print for 15 years, a gratifyingly
long time. However, extensive classroom experience with the first edition, as
well as advances in mathematics, has made a new edition desirable. I have
been rewriting sections of the book, off and on, over the last 10 years:
improving the exposition, adjusting the emphasis, adding (and subtracting)
applications, changing the exercises. The result is that nearly every chapter
has been rewritten-it is almost a new book.

The new edition retains the overall organization of the original. The first
part, now Chapters 1-13, presents elementary number theory, the second
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part, now Chapters 14-22, studies polynomials, and the third part, now
Chapters 23-30, offers applications of the primitive element theorem and
develops finite fields.

New features include:

• a greater emphasis on aspects of finite groups-orders of elements,
subgroups, cyclic groups, Lagrange's theorem, the primary decomposition
theorem;

• development of primality testing and factoring as a theme in the appli
cations, with several new sections on factoring and several on primality
testing, culminating in a proof of Rabin 's theorem on strong a-pseudoprime
testing;

• increased use of the Chinese remainder theorem for both numbers and
polynomials, as an important tool in applications;

• more explicit use of homomorphisms;
• a new treatment of quadratic reciprocity, and with added applications;
• a new chapter on the fundamental theorem of algebra which includes

treatments of the cubic (Cardano) and quartic (Ferrari, Euler); and
• two applications (fast polynomial multiplication, Reed-Solomon codes)

which use the discrete Fourier transform.

In an area moving as rapidly as computational number theory, many of
the applications presented will, in practice, not be "the state of the art." For
example, probabilistic improvements on Berlekamp's algorithm for factoring
polynomials over finite fields have recently appeared (see von der Gathen
and Schoup (1992), Kaltofen and Lobo (1994)); Rabin's test is only one of
the tools now used to test primality of large numbers (see Pinch (1993));
and Arjen Lenstra, on top of his team' s success in factoring the 129 digit
number RSA-129 in 1994, promises dramatic improvements in the factoriza
tion of large numbers (see Lenstra and Lenstra (1993)). But while the appli
cations we present may not represent the latest word, even as I write this
Preface, they are nonetheless worthwhile pedagogically, as significant appli
cations of the theory and as prerequisites for understanding the newer algo
rithms, and because in almost all cases they are elegant mathematics.

Prerequisites

The explicit prerequisite consists of precalculus algebra . However, experi
ence with the first edition suggests that three or four semesters of college
level mathematics, such as the calculus sequence and a semester of linear
algebra , is helpful. Only a few sections of the book use calculus or linear
algebra, and a course can easily be designed to avoid those sections. Ele
mentary matrix theory is summarized in Chapter 13, and used to some
extent in chapters lIE, 13E and F, 21B, 22A, 28E, 29, and 30B.
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Designing a Course

Introduction

There is enough material in this book for a full two-semester course in
higher algebra and applications.

For a one-semester course there are a number of options .
The basic theory is found in Chapters 2A-D, 3A-C, 4A-B, 5, 6, 8, 9,

llA-B, 12A-B, 14, 15,20,23,24,28, and 30.
For the one-semester course I try to cover most of the basic theory, plus

Chapter lOB and other applications as time allows. Other instructors do
less theory and more applications.

A nice course on computational number theory can be taught from
Chapters 1-12 and 23-27. Such a course, while not bringing out the paral
lelism of the theory for numbers and polynomials, would use group theory
and the Chinese remainder theorem in significant ways in studying primality
testing.

A course emphasizing polynomials could cover the basic theory through
Chapter 12B and then focus on Chapters 14-22 and 28-30.
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