
Graduate Texts in Mathematics 

55 
Editorial Board 

F. W. Gehring 

P.R.Halmos 
Managing Editor 

C.C.Moore 



Arlen Brown 
Carl Pearcy 

Introduction to 
Operator Theory I 
Elements of Functional Analysis 

Springer-Verlag 
New York Heidelberg Berlin 



Carl Pearcy Arlen Brown 
Department of Mathematics 
Indiana University 
Bloomington, IN 47401 
USA 

Department of Mathematics 
University of Michigan 
Ann Arbor, MI 48104 
USA 

Editorial Board 

P. R. Halmos F. W. Gehring 
Managing Editor 
Department of Mathematics 
University of California 
Santa Barbara, CA 93106 
USA 

Department of Mathematics 
University of Michigan 
Ann Arbor, MI 48108 
USA 

AMS Subject Classifications: 46-02, 47-02 

Library of Congress Cataloging in Publication Data 

Brown, Arlen, 1926-
Elements of functional analysis. 

(Their Introduction to operator theory; v. I) 
(Graduate texts in mathematics; 55) 

Bibliography: p. 
Includes index. 
I. Functional analysis. I. Pearcy, c., 

1935- joint author. II. Title. III. Series: 
Graduate texts in mathematics; 55. 
QA329.B76 vol. I [QA320) 515'.72s [515'.7) 

77-23438 

All rights reserved. 

c. C. Moore 
Department of Mathematics 
University of California 
Berkeley, CA 94720 
USA 

No part of this book may be translated or reproduced in any form 
without written permission from Springer-Verlag. 

© 1977 by Springer-Verlag, New York Inc. 
Softcover reprint of the hardcover 1st edition 1977 

9 8 7 6 543 2 I 

ISBN-13: 978-1-4612-9928-8 
DOl: 10.1007/978-1-4612-9926-4 

e-ISBN-13: 978-1-4612-9926-4 



For Dodie and Cristina, 
who have given constant encouragement 

over many years 



Preface 

This book was written expressly to serve as a textbook for a one- or 
two-semester introductory graduate course in functional analysis. Its (soon 
to be published) companion volume, Operators on Hilbert Space, is in
tended to be used as a textbook for a subsequent course in operator theory. 
In writing these books we have naturally been concerned with the level of 
preparation of the potential reader, and, roughly speaking, we suppose him 
to be familiar with the approximate equivalent of a one-semester course in 
each of the following areas: linear algebra, general topology, complex 
analysis, and measure theory. Experience has taught us, however, that such 
a sequence of courses inevitably fails to treat certain topics that are 
important in the study of functional analysis and operator theory. For 
example, tensor products are frequently not discussed in a first course in 
linear algebra. Likewise for the topics of convergence of nets and the Baire 
category theorem in a course in topology, and the connections between 
measure and topology in a course in measure theory. For this reason we 
have chosen to devote the first ten chapters of this volume (entitled Part I) 
to topics of a preliminary nature. In other words, Part I summarizes in 
considerable detail what a student should (and eventually must) know in 
order to study functional analysis and operator theory successfully. The 
presence of this extensive review of the prerequisite material means that a 
student who is not familiar with one or more of the four basic courses 
mentioned above may still successfully read this book by making liberal 
use of Part I. Indeed, it should be said that perhaps the only critical 
prerequisite for a profitable reading of this book is a certain mathematical 
maturity, which, for our purposes, may be taken to mean the ability to 
follow and construct e-8 arguments, a level of maturity that any talented 
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student who has had a good course in advanced calculus will have 
attained. 

In keeping with our pedagogical intent in writing this book, we have 
provided both examples and exercises in copious supply. Indeed, every 
chapter contains a number of illuminating examples and is followed by a 
collection of problems. (Some problems appear as simple assertions of 
fact; in such cases the student is expected to provide a proof of the stated 
fact.) In this connection we observe that the problem sets constitute an 
integral part of the book, and that the student must study them along with 
the text. Working problems is very important in the study of mathematics 
in general, of course, for that is how mathematics is learned, but in this 
textbook it is particularly important because many topics of interest are 
first introduced in the problems. Not infrequently the solution of a 
problem depends in part on material in one or more preceding problems, a 
fact that instructors should bear in mind when assigning problems to a 
class. 

While, as noted, this book is intended to serve as a textbook for a 
course, it is our hope that the wealth of carefully chosen examples and 
problems, together with the very explicit summary of prerequisite material 
in Part I, will enable it to be useful as well to the interested student who 
wishes to study functional analysis individually. 

An instructor who plans to use this book as a textbook in a course has 
several options depending on the time available to him and the level of 
preparation of his students. He may wish to begin, for example, by 
devoting some weeks to the study of various chapters in Part I. Whether he 
does this or not, time limitations may make it impossible for him to treat 
all of Part II in one semester. With this in mind, we suggest the following 
abbreviated syllabus for a somewhat shorter course of study. 

Chapter 11: Read entire text; omit Problems L-Q and U-Y. 
Chapter 12: Read entire text; omit Problems R-Y. 
Chapter 13: Read entire text; omit Problems S-T. 
Chapter 14: Omit the material on Frechet spaces, viz., Examples H-L 

and Proposition 14.9; omit Problems Q-W. 
Chapter 15: Omit all text after Theorem 15.11; omit Problems a-x. 
Chapter 16: Omit the material on dual pairs, viz., everything after 

Proposition 16.12; omit Problems a-x. 
Chapter 17: Read entire text; omit Problems T-y' 
Chapter 18: Omit the material on approximation theory, viz., everything 

after Example D; omit Problems V-W. 
Chapter 19: Omit. 

In the writing of this book no systematic effort has been made to 
attribute results or to assign historical priorities. 

The notation and terminology used throughout the book are in essen
tial agreement with those to be found in contemporary (American) 
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textbooks. In particular, the symbols N, 71., !R, and C will consistently 
represent the systems of positive integers, integers, real numbers, and 
complex numbers, respectively. We have also found it convenient to 
reserve the symbol No for the system of nonnegative integers. 

Finally, there is one basic convention in force throughout the book: All 
vector spaces that appear herein are either real or complex. If nothing is said 
about the scalar field of a vector space under discussion, it is automatically 
assumed to be complex. 

ARLEN BROWN 

CARL PEARCY 
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