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Preface 

Background and Scope of the Book This book continues, extends, 
and unites various developments in the intersection of probability theory and 
dynamical systems. I will briefly outline the background of the book, thus 
placing it in a systematic and historical context and tradition. 

Roughly speaking, a random dynamical system is a combination of 
a measure-preserving dynamical system in the sense of ergodic theory, 
(D,F,lP', (B(t))tE'lf), 'II'= JR+, IR, z+, Z, with a smooth (or topological) dy­
namical system, typically generated by a differential or difference equation 
:i: = f(x) or Xn+l = tp(x.,), to a random differential equation :i: = f(B(t)w,x) 
or random difference equation Xn+l = tp(B(n)w, Xn)· 

Both components have been very well investigated separately. However, 
a symbiosis of them leads to a new research program which has only partly 
been carried out. As we will see, it also leads to new problems which do not 
emerge if one only looks at ergodic theory and smooth or topological dynam­
ics separately. 

From a dynamical systems point of view this book just deals with those 
dynamical systems that have a measure-preserving dynamical system as a 
factor (or, the other way around, are extensions of such a factor). As there is 
an invariant measure on the factor, ergodic theory is always involved. 

Our book is a "continuation" of that by Guckenheimer and Holmes [162] 
on Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector 
Fields. In their own words (Preface, page xi), their book "should be seen 
as an attempt to extend the woTk of Andronov et al. (i.e. the analysis of a 
single degree of freedom nonlinear oscillator, L. A.) by one dimension (i.e. 
by adding a small periodic forcing term, L. A.)". Specifically, they look at 
certain equations of the form .i: = f(B(t)w, x) in IR2 where B(t)w is periodic. 
We will go further and beyond the periodic "noise" to a general measure­
preserving dynamical system to which the ordinary differential equation is 
coupled. In yet other words, we take the step from autonomous systems 
:i; = f(x) to nonautonornous systems, but of the special kind :i: = f(B(t)w, x), 
i.e. to those which are coupled to a dynamical "bath". 

If the flow w f----7 B(t)w in the equation :i: = f(B(t)w, x) is a flow of home­
omorphisms of a compact space we are in the realm of skew-product flows 
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in the sense of Sacker, Sell and Johnson (see e.g. [187], [298], [299], [316]). 
We go beyond this again by stripping off all the topology from w f---t B(t)w, 
and instead adding an invariant measure - shortly, by going from "almost 
periodic" to "random". 

We also extend and generalize Mane's book [249] on Ergodic Theory and 
Differentiable Dynamics. He has a measure p invariant with respect to the 
flow c.p(t) of a deterministic vector field x = f(x) on a manifold M. Here, we 
have a measure J.L on f] x M with marginallfD on f] invariant with respect to 
the skew-product flow (w, x) f---t (B(t)w, c.p(t, w )x ), where c.p(t, w) is the solution 
flow generated by the random vector field x = f(B(t)w, x). 

From a probabilistic point of view this book offers another look at the 
quite classical subject of random difference equations and of random and 
stochastic differential equations, i.e. ordinary differential equations driven 
by real or white noise. 

During the last 20 to 30 years an impressive structure called "stochastic 
analysis" has been erected, part of which is a theory of differential equations 
with semimartingale (rather than only Gaussian white noise, or Wiener) driv­
ing processes, providing us with a unified theory of random and stochastic 
differential equations. 

Around 1980 it was discovered by Elworthy, Baxendale, Bismut, Ikeda, 
Watanabe, Kunita and others (see e.g. [137], [53], [72], [178], [223]) that a 
stochastic differential equation generates "for free" a much richer structure 
than just a family of stochastic processes, each solving the stochastic differ­
ential equation for a given initial value. It gives us in fact a flow of random 
diffeomorphisms. We can now bridge the gap between stochastic analysis 
and dynamical systems by proving that a random or stochastic differential 
equation generates a random dynamical system. 

This makes it possible to re-evaluate and improve all the classical results 
(which are based on one-point motions and Markov transition probabilities) 
on stochastic stability, existence of invariant measures, etc. by Kushner [225], 
Khasminskii [206], Bunke [84] and many others. In [8] I have described the 
extension of the horizon when going from Markov processes to stochastic 
flows and cocycles. 

The present book also adds a new chapter to the volume by Horsthemke 
and Lefever [175] entitled Noise-Induced Transitions and re-interprets their 
findings: Their noise-induced transitions are nothing but bifurcations on the 
static level of the Fokker-Planck equation. We will also study bifurcation 
scenarios on the dynamic level. 

The book closest to ours in spirit and content is the one by Kifer [207] on 
Ergodic Theory of Random Transformations. He, however, deals exclusively 
with the i.i.d. case, i. e. with the case of iterations of random mappings chosen 
independently with identical distribution. In this case the orbits in state space 
form a Markov chain. We go beyond that by allowing a stationary stochastic 
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sequence of mappings to be iterated, keeping the i.i.d. case as an important 
particular case. 

It is a characteristic feature of the theory of random dynamical systems 
that every problem involves some ergodic theory and ergodic theorems. The 
most crucial and most important ergodic theorem applies to the linearization 
of smooth random dynamical systems. It is traditionally called the Multi­
plicative Ergodic Theorem and was proved by Oseledets [268] in 1968. This 
theorem provides a random substitute of linear algebra and hence makes a 
local theory of smooth random dynamical systems possible. Without it the 
whole field (in particular this book) would not exist. 

Structure of the Book As this is the first monograph on random dy­
namical systems, my main intention is foundational. This forces me to adopt 
a systematic, maybe sometimes even pedantic, style, and put my emphasis 
on theory rather than applications. I hope nevertheless to present a useful, 
reliable, and rather complete source of reference which lays the foundations 
for future work and applications. 

Part I (Random Dynamical Systems and Their Generators) introduces the 
subject matter, settles the subtle perfection question, develops the theory of 
invariant measures (Chap. 1) and gives a (hopefully ultimate) treatment of 
the problem of which random dynamical systems have infinitesimal generators 
(Chap. 2). 

Part II (Multiplicative Ergodic Theory) is the heart of the book. I first 
present and prove the classical Multiplicative Ergodic Theorem for products 
of random matrices in JRd (Chap. 3), then present its various modifications 
and the concept of random norms which turns out to be basic (Chap. 4). In 
Chap. 5 the multiplicative ergodic theory of related linear random dynam­
ical systems obtained by taking the inverse, the adjoint, and exterior and 
tensor products is studied. The same is done with the systems induced by 
a linear random dynamical system on the unit sphere, the projective space, 
and Grassmannian manifolds, culminating in the Furstenberg-Khasminskii 
formulas for Lyapunov exponents. Finally, a multiplicative ergodic theorem 
for rotation numbers is proved (Chap. 6). 

Part III (Smooth Random Dynamical Systems) addresses the three most 
fundamental problems regarding nonlinear systems. The first one is the con­
struction of invariant manifolds (Chap. 7). We adopt the new method of 
Wanner [340] which provides a unified approach towards invariant manifolds 
and the Hartman-Grobman theorem. The second basic problem is the sim­
plification of a random dynamical system by means of a smooth coordinate 
transformation (normal form problem) (Chap. 8). I finally present the state 
of the art ofrandom bifurcation theory (Chap. 9) which is still in its infancy 
and is not much more than a collection of (numerical) examples. 

Part IV (Appendices) collects some facts from measurable dynamics ( Ap­
pendix A) and smooth dynamics (Appendix B). 



VIII Preface 

This book is a research monograph which belongs to the richly structured 
interface of probability theory and dynamical systems. Therefore, substantial 
mathematical knowledge is required from the reader. 

The book as a whole is probably not suitable for a course. There are, 
however, various possibilities to use subsets of the text as the basis of a 
graduate course or seminar or for private study. For example: 

(i) The multiplicative ergodic theorem: Extract the basic definitions from 
Chap. 1, then read Chaps. 3 and 4. 

(ii) Smooth random dynamical systems: Read Chaps. 1, 3 and 4, then 
choose one or several of the Chaps. 7, 8, or 9. 

(iii) Stochastic bifurcation theory: Read Chaps. 1, 3 and 4, then go to 
Chap. 9. 

Omissions The exclusion of the following topics from this book is partly 
compensated by some recent publications which augment this book and com­
plete the overall picture of the subject. 

I completely omitted topological dynamics of random dynamical systems 
and refer instead to the book by Nguyen Dinh Cong [261]. 

Fortunately, I do not need to include Pesin's theory, probably the deepest 
of recent developments in random dynamical systems, as it is beautifully and 
completely presented in the book by Liu and Qian [244]. 

With many scruples, I decided to omit the beautiful "geometry of 
stochastic flows" (see the work of Baxendale [56, 55, 59, 61, 62], Baxen­
dale and Stroock [64], Carverhill [91], Carverhill and Elworthy [95], Elworthy 
[139, 140, 141], Elworthy and Rosenberg [144], Elworthy and Yor [145], El­
worthy, Le Jan and Li [142], Elworthy and Li [143], Kunita [224: section 4.9] 
Li [234], Liao [236, 237, 238, 239], and the references therein). The subject is 
worth a book of its own. 

I also did not include the theory proper of products of random matrices. 
On the one hand, this area with its elaborate methods and numerous applica­
tions is so vast that it would easily fill a volume in itself. On the other hand, 
the subject is already quite well-documented: Besides the books by Bougerol 
and Lacroix [77] and Hogniis and Mukherjea [172], there are numerous con­
tributions, survey articles, and further references in the three proceedings 
volumes [104], [39], and [14]. 

Finally, I omitted infinite-dimensional random systems and instead re­
fer the reader to the work of Crauel and Flandoli [117, 119], Flandoli and 
SchmalfuB [151], Mohammed [255, 256], Mohammed and Scheutzow [257], 
Schaumloffel [301], in addition to many others. 

Acknowledgements Beginning with my collaboration with Peter Sagirow 
in the late 1960's in Stuttgart, I have always maintained strong and extremely 
fruitful contacts with engineers, to whom I am indebted for numerous sugges­
tions and problems. In addition to my nestor Peter Sagirow, I would like to 
explicitly mention Walter Wedig, S. T. Ariaratnam, Mike Lin, and N. Sri Na-



Preface IX 

machchivaya. My contacts with them gave me the badly needed reassurence 
that I was doing something that would be useful. 

Some of my former students and collaborators also deserve an extra special 
acknowledgement, as they took very active part in the unfolding of the subject 
and taught me much of what I know today: Wolfgang Kliemann, Volker 
Wihstutz, and Hans Crauel. 

I would also like to thank all those who proof-read parts of preliminary 
versions, in particular Peter Baxendale, Thomas Bogenschutz, Hans Crauel, 
Matthias Gundlach, Stefan Hilger, Peter Imkeller, Peter Kloeden (who very 
efficiently served as my default "native English speaker"), Liu Pei-Dong, 
Hans-Friedrich Miinzner, Nguyen Dinh Cong, Gunter Ochs, Klaus Reiner 
Schenk-Hoppe, Michael Scheutzow, N. Sri Namachchivaya, Bjorn Schmalfuf3, 
Stefan Siegmund and Thomas Wanner. 

I am grateful to Gabriele Bleckert and Hannes Keller who produced the 
figures. Gabriele Bleckert also did the extensive numerical studies of the noisy 
Duffing-van der Pol oscillator in Chap. 9. 

Last but not least I would like to thank my wife Birgit for her under­
standing and support during the six very hard years of writing. 

Bremen, May 1998 Ludwig Arnold 



Contents 

Part I. Random Dynamical Systems and Their Generators 

Chapter 1. Basic Definitions. Invariant Measures . . . . . . . . . . . . . 3 

1.1 Definition of a Random Dynamical System . . . . . . . . . . . . . . . . 3 
1.2 Local RDS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 
1.3 Perfection of a Crude Cocycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 
1.4 Invariant Measures for Measurable RDS . . . . . . . . . . . . . . . . . . . 21 
1.5 Invariant Measures for Continuous RDS . . . . . . . . . . . . . . . . . . . 26 

1.5.1 Polish State Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 
1.5.2 Compact Metric State Space....... . . . . . . . . . . . . . . . . 30 

1.6 Invariant Measures on Random Sets . . . . . . . . . . . . . . . . . . . . . . 32 
1. 7 Markov Measures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 
1.8 Invariant Measures for Local RDS . . . . . . . . . . . . . . . . . . . . . . . . 40 
1.9 RDS on Bundles. Isomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . 43 

1.9.1 Bundle RDS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 
1.9.2 Isomorphisms of RDS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 

Chapter 2. Generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 

2.1 Discrete Time: Products of Random Mappings . . . . . . . . . . . . . 50 
2.1.1 One-Sided Discrete Time . . . . . . . . . . . . . . . . . . . . . . . . . . 50 
2.1.2 Two-Sided Discrete Time. . . . . . . . . . . . . . . . . . . . . . . . . . 52 
2.1.3 RDS with Independent Increments . . . . . . . . . . . . . . . . . 53 

2.2 Continuous Time 1: Random Differential Eqs. . . . . . . . . . . . . . . 57 
2.2.1 RDS from Random Differential Equations . . . . . . . . . . . 57 
2.2.2 The Memoryless Case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 
2.2.3 Random Differential Equations from RDS . . . . . . . . . . . 66 
2.2.4 The Manifold Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 

2.3 Continuous Time 2: Stochastic Differential Eqs. . . . . . . . . . . . . 68 
2.3.1 Introduction. Two Cultures . . . . . . . . . . . . . . . . . . . . . . . . 68 
2.3.2 Semimartingales and Dynamical Systems: 

Stochastic Calculus for Two-Sided Time. . . . . . . . . . . . . 71 
2.3.3 Semimartingalc Helices with Spatial Parameter....... 78 



XII Contents 

2.3.4 RDS from Stochastic Differential Equations. . . . . . . . . . 82 
2.3.5 Stochastic Differential Equations from RDS . . . . . . . . . . 87 
2.3.6 White Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 
2.3. 7 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 
2.3.8 The Manifold Case ............................... 101 
2.3.9 RDS with Independent Increments ................. 103 

Part II. Multiplicative Ergodic Theory 

Chapter 3. The Multiplicative Ergodic Theorem 
in Euclidean Space ........................................... 111 

3.1 Introduction ........................................... 111 
3.2 Lyapunov Exponents .................................... 113 

3.2.1 Deterministic Theory of Lyapunov Exponents ........ 113 
3.2.2 Singular Values .................................. 117 
3.2.3 Exterior Powers .................................. 118 

3.3 Furstenberg-Kesten Theorem ............................ 121 
3.3.1 The Subadditive Ergodic Theorem .................. 122 
3.3.2 The Furstenberg-Kesten Theorem for One-Sided Time 122 
3.3.3 The Furstenberg-Kesten Theorem for Two-Sided Time 130 

3.4 Multiplicative Ergodic Theorem .......................... 134 
3.4.1 The MET for One-Sided Time ..................... 134 
3.4.2 The MET for Two-Sided Time ..................... 153 
3.4.3 Examples ....................................... 159 

Chapter 4. The Multiplicative Ergodic Theorem 
on Bundles and Manifolds .................................... 163 

4.1 Temperedness. Lyapunov Cohomology .................... 163 
4.1.1 Tempered Random Variables ....................... 163 
4.1.2 Lyapunov Cohomology ............................ 166 

4.2 The MET on Manifolds ................................. 172 
4.2.1 Linearization of a C 1 RDS ......................... 172 
4.2.2 The MET for RDS on Manifolds ................... 174 
4.2.3 Random Differential Equations ..................... 179 
4.2.4 Stochastic Differential Equations ................... 181 

4.3 Random Lyapunov Metrics and Norms .................... 186 
4.3.1 The Control of Non-Uniformity in the MET ......... 187 
4.3.2 Random Scalar Products .......................... 191 
4.3.3 Random Riemannian Metrics on Manifolds .......... 197 



Contents XIII 

Chapter 5. The MET for Related Linear and Affine RDS ..... 201 

5.1 Inverse and Adjoint ..................................... 201 
5.2 The MET on Linear Subbundles .......................... 206 
5.3 Exterior Powers, Volume, Angle .......................... 211 

5.3.1 Exterior Powers .................................. 211 
5.3.2 Volume and Determinant .......................... 213 
5.3.3 Angles .......................................... 215 

5.4 Tensor Product ........................................ 218 
5.5 Manifold Versions ...................................... 221 
5.6 Affine RDS ............................................ 221 

5.6.1 Representation ................................... 221 
5.6.2 Invariant Measure in the Hyperbolic Case ........... 223 
5.6.3 Time Reversibility and Iterated Function Systems .... 231 

Chapter 6. RDS on Homogeneous Spaces 
of the General Linear Group ................................. 235 

6.1 Cocycles on Lie Groups ................................. 236 
6.1.1 Group-Valued Cocycles and Their Generators ........ 237 
6.1.2 Cocycles Induced by Actions ....................... 238 

6.2 RDS Induced on sd- 1 and pd- 1 ......................... 241 
6.2.1 Invariant Measures ............................... 242 
6.2.2 Furstenberg-Khasminskii Formulas ................. 251 
6.2.3 Spectrum and Splitting ........................... 260 

6.3 RDS on Grassmannians ................................. 263 
6.3.1 Invariant Measures ............................... 263 
6.3.2 Furstenberg-Khasminskii Formulas ................. 266 

6.4 Manifold Versions ...................................... 269 
6.4.1 Sphere Bundle and Projective Bundle ............... 269 
6.4.2 Grassmannian Bundles ............................ 273 

6.5 Rotation Numbers ...................................... 277 
6.5.1 The Concept of Rotation Number of a Plane ......... 277 
6.5.2 Rotation Numbers for RDE ........................ 285 
6.5.3 Rotation Numbers for SDE ........................ 298 

Part III. Smooth Random Dynamical Systems 

Chapter 7. Invariant Manifolds ............................... 305 

7.1 The Problem of Invariant Manifolds ...................... 306 
7.2 Reductions and Preparations ............................. 308 

7.2.1 Reductions ...................................... 309 
7.2.2 Preparations ..................................... 311 

7.3 Global Invariant Manifolds .............................. 317 



XIV Contents 

7.3.1 Construction of Unstable Manifolds ................. 318 
7.3.2 Construction of Stable Manifolds ................... 337 
7.3.3 Construction of Center Manifolds ................... 340 
7.3.4 The Continuous Time Case ........................ 343 
7.3.5 Higher Regularity ................................ 346 
7.3.6 Final Global Invariant Manifold Theorem ........... 360 

7.4 Hartman-Grobman Theorem ............................. 361 
7.4.1 Invariant Foliations ............................... 361 
7.4.2 Topological Decoupling ........................... 368 
7.4.3 Hartman-Grobman Theorem ....................... 373 

7.5 Local Invariant Manifolds ............................... 379 
7.5.1 Local Manifolds for Discrete Time .................. 380 
7.5.2 Dynamical Characterization and Globalization ....... 386 
7.5.3 Local Manifolds for Continuous Time ............... 393 

7.6 Examples .............................................. 396 

Chapter 8. Normal Forms .................................... 405 

8.1 Deterministic Prerequisites .............................. 405 
8.2 Normal Forms for Random Diffeomorphisms ............... 412 

8.2.1 The Random Cohomological Equation .............. 412 
8.2.2 Nonresonant Case ................................ 417 
8.2.3 Resonant Case ................................... 419 

8.3 Normal Forms for RDE ................................. 420 
8.3.1 The Random Cohomological Equation .............. 421 
8.3.2 Nonresonant Case ................................ 425 
8.3.3 Resonant Case ................................... 426 
8.3.4 Examples ....................................... 430 

8.4 Normal Form and Center Manifold ....................... 433 
8.4.1 The Reduction Procedure ......................... 433 
8.4.2 Parametrized RDE ............................... 439 
8.4.3 Small Noise: A Case Study ........................ 442 

8.5 Normal Forms for SDE .................................. 446 
8.5.1 The Random Cohomological Equation .............. 447 
8.5.2 Nonresonant Case ................................ 450 
8.5.3 Small Noise Case ................................. 461 

Chapter 9. Bifurcation Theory ................................ 465 

9.1 Introduction ........................................... 465 
9.2 What is Stochastic Bifurcation? .......................... 468 

9.2.1 Definition of a Stochastic Bifurcation Point .......... 468 
9.2.2 The Phenomenological Approach ................... 471 

9.3 Dimension One ......................................... 477 
9.3.1 Transcritical Bifurcation .......................... 477 
9.3.2 Pitchfork Bifurcation ............................. 480 



Contents XV 

9.3.3 Saddle-Node Case ................................ 482 
9.3.4 A General Criterion for Pitchfork Bifurcation ........ 482 
9.3.5 Real Noise Case .................................. 489 
9.3.6 Discrete Time .................................... 490 

9.4 The Noisy Duffing-van der Pol Oscillator .................. 491 
9.4.1 Introduction. Completeness. Linearization ........... 491 
9.4.2 Hopf Bifurcation ................................. 497 
9.4.3 Pitchfork Bifurcation ............................. 510 

9.5 General Dimension. Further Studies ....................... 518 
9.5.1 Baxendale's Sufficient Conditions for D-Bifurcation 

and Associated P-Bifurcation ...................... 518 
9.5.2 Further Studies .................................. 529 

Part IV. Appendices 

Appendix A. Measurable Dynamical Systems ................. 535 

A.l Ergodic Theory ........................................ 535 
A.2 Stochastic Processes and Dynamical Systems ............... 542 
A.3 Stationary Processes .................................... 545 
A.4 Markov Processes ...................................... 548 

Appendix B. Smooth Dynamical Systems ..................... 551 

B.l Two-Parameter Flows on a Manifold ...................... 551 
B.2 Spaces of Functions in JRd ............................... 552 
B.3 Differential Equations in JRd ............................. 555 
B.4 Autonomous Case: Dynamical Systems .................... 557 
B.5 Vector Fields and Flows on Manifolds ..................... 560 

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 563 

Index ......................................................... 581 


