
S. M. Nikol'skii 

Approximation of Functions 
of Several Variables 
and Imbedding Theorems 

Translated from the Russian by 

J. M. Danskin 

Springer -Verlag 

Berlin Heidelberg New York 1975 



Sergei Mihauovic Nikol'skii 

Steklov Mathematical Institute 
Academy of Sciences, Moscow, U.S.S.R 

Translator: 

John M. Danskin (U.S.A.) 

Title of the Russian Original Edition: 

Priblizenie Funkci'i. Mnogih 
Peremennyh i Teoremy Vlozeniya 
Publisher: "Nauka", Moscow 1969 

AlVIS Subject Classifications (1970) 
33 A 10, 35 C 10, 40 B 05, 41 A 50, 41 A 60, 42 A 24, 
42 A 68, 44 A 40, 46 E 35, 46 E 25, 46 F 05, 46 E 30 

ISBN -13: 978-3-642-65713-9 

DOl: 10.1007/978-3-642-65711-5 

e-lSBN -13 :978-3-642-65711-5 

Library of Congress Catalog Card Number 74·4652. 

This work is subject to copyright. All rights are reserved, whether the whole or part of the materjal is 
concerned, specifically those of translation, reprinting, re-use of illustrations, broadcasting, reproduction by 
photocopying machine or similar means, and storage in data banks. Under § 54 of the German Copyright 
Law where copies are made fore other than private usc, a fec is payable to the publisher, the amount of the 
fee to be determined by agreement with the publisher. 

© by Springer-Verlag. Berlin. Heidelberg 1975. 
Softcover reprint of the hardcover 1st edition 1975 



Contents 

Introduction 

Chapter 1. Preparatory Information 

1.1. The Spaces C(l$) and Lp{l$) 
1.2. Normed Linear Spaces . . 
1.3. Properties of the Space Lp{l$) . 
1.4. Averaging of Functions According to Sobolev 
1.5. Generalized Functions . . . . . 

Chapter 2. Trigonometric Polynomials . 

1 

5 

5 
9 

19 
27 
30 

81 

2.1. Theorems on Zeros. Linear Independence 81 
2.2. Important Examples of Trigonometric Polynomials 84 
2.3. The Trigonometric Interpolation Polynomial of Lagrange. 88 
2.4. The Interpolation Formula of M. Riesz . . . . 90 
2.5. The Bernstein's Inequality . . . . . . . . . . . . . 92 
2.6. Trigonometric Polynomials of Several Variables . . . . 93 
2.7. Trigonometric Polynomials Relative to Certain Variables 95 

Chapter 3. Entire Functions of Exponential Type, Bounded on lR". 98 

3.1. Preparatory Material. . . . . . . . . . . . . . . . . . 98 
3.2. Interpolation Formula . . . . . . . . . . . . . . . . . 111 
3.3. Inequalities of Different Metrics for Entire Functions of Expo-

nential Type ..................... 122 
3.4. Inequalities of Different Dimensions for Entire Functions of 

Exponential Type . . . . . . . . . . . . : . . .. 131 
3.5. Subspaces of Functions of Given Exponential Type . .. 134 
3.6. Convolutions with Entire Functions of Exponential Type 135 

Chapter 4. The Function Classes W, H, B . . . 141 

4.1. The Generalized Derivative . . . . . . . 141 
4.2. Finite Differences and Moduli of Continuity 146 
4.3. The Classes W, H, B . . . . . . . . . . 152 
4.4. Representation of an Intermediate Derivate in Terms of a 

Derivative of Higher Order and the Function. Corollaries 163 



Contents VII 

4.5. More on Sobolev Averages . . . . . . . . . . 174 
4.6. Estimate of the Increment Relative to a Direction. 176 
4.7. Completeness of the Spaces W, H, B . . . . . . 177 
4.8. Estimates of the Derivative by the Difference Quotient 180 

Chapter 5. Direct and Inverse Theorems of the Theory of Appro-
ximation. Equivalent Norms . 183 

5.1. Introduction . . . . . 183 
5.2. Approximation Theorem 185 
5.3. Periodic Classes . . . . 193 
5.4. Inverse Theorems of the Theory of Approximations 200 
5.5. Direct and Inverse Theorems on Best Approximations. Equi-

valent H-Norms . . . . . . . . . . . . . . . . . . . . 207 
5.6. Definition of B-Classes with the Aid of Best Approximations. 

Equivalent Norms ................... 217 

Chapter 6. Imbedding Theorems for Different Metrics and Dimen-
slons ........... ; ...... . 231 

6.1. Introduction . . . . . . . . . . . . 231 
6.2. Connections among the Classes B, H, W . 234 
6.3. Imbedding of Different Metrics 236 
6.4. Trace of a Function . . . . . . . . . 238 
6.5. Imbeddings of Different Dimensions . . 240 
6.6. The Simplest Inverse Theorem on Imbedding of Different 

Dimensions . . . . . . . . . . . . . . . . . . . 244 
6.7. General Imbedding Theorem for Different Dimensions. . . . 247 
6.8. General Inverse Imbedding Theorem . . . . . . . . . . . 248 
6.9. Generalization of the Imbedding Theorem for Different 

Metrics. . . . . . . . . . 252 
6.10. Supplementary Information ............... 255 

Chapter 7. Transitivity and Unimprovability of Imbedding Theo
rems. Compactness. . . . . . . . . . . . . . . . . . . . . . 261 

7.1. Transitive Properties of Imbedding Theorems . . . . . . . 261 
7.2. Inequalities with a Parameter e. Multiplicative Inequalities 263 
7.3. Boundary Functions in H;. Unimprovability of Imbedding 

Theorems. . . . . . . . . . . . . . . . . . . . 267 
7.4. More on Boundary Functions in H;. . . . . . . . . . . . 270 
7.5. Unimprovability of Inequalities for Mixed Derivatives . . . 273 
7.6. Another Proof of the Unimprovability of Imbedding Theo-

rems . . . . . . . . . . 274 
7.7. Theorems on Compactness. . . . . . . . . . . . . . . . 279 



VIII Contents 

Chapter 8. Integral Representations and Isomorphism of Isotropy 
Classes. . . . . . . . . . . . . . 289 

8.1. The Bessel-MacDonald Kernels. . . . . . 289 
8.2. The Isomorphism Classes W~. . .. . . . 294 
8.3. Properties of the Bessel-MacDonald Kernel 296 
8.4. Estimate of the Best Approximation for I rt 298 
8.5. Multipliers Equal to Unity on a Region. . 300 
8.6. de la Vallee Poussin Sums of a Regular Function 301 
8.7. An IneqUality for the Operation L, (r > 0) over Functions of 

Exponential Type . . . . . . . . . . . . . . . . . . . 308 
8.8. Decomposition of a Regular Function into Series Relative to de 

la Vallee Poussin Sums . . . . . . . . . . . . . . . . . 312 
8.9. Representation of Functions of the Classes ~8 in Terms of de 

la Vallee Poussin Series. Null Classes (1 ~ P ~ 00) 313 
8.10. Series Relative to Dirichlet Sums (1 < P < 00). 316 

Chapter 9. The Liouville Classes L . . 323 

9·1. Introduction . . . . . . . . . . . . . . . 323 
9.2. Definitions and Basic Properties of the Classes L~ and L~ 325 
9.3. Interrelationships among Liouville and other Classes. 332 
9.4. Integral Representation of Anisotropic Classes. 335 
9.5. Imbedding Theorems. . . . . . . . . . . . 358 
9.6. Imbedding Theorem with a Limiting Exponent 368 
9.7. Nonequivalence of the Classes B~ and L~ 373 

Remarks. 

Literature 

Index of Names . 

Subject Index . 

377 

403 

415 

417 


