Richard A. Holmgren

A First Course in
Discrete Dynamical
Systems

Second Edition

With 56 Figures

&) Springer



Richard A. Holmgren
Department of Mathematics

Allegheny College

Meadville, PA 16335-3902

USA

rholmgre@allegheny.edu

Editorial Board

(North America):

S. Axler F.W. Gehring

Mathematics Department Mathematics Department

San Francisco State University East Hall

San Francisco, CA 94132 University of Michigan

USA Ann Arbor, MI 48109-1109
USA

K.A. Ribet

Mathematics Department
University of California at Berkeley
Berkeley, CA 94720-3840

USA

Mathematics Subject Classification (1991): 39A12, 58F13, S8F20

Library of Congress Cataloging-in-Publication Data
Holmgren, Richard A.
A first course in discrete dynamical systems/Richard A.
Holmgren. — 2nd ed.
p. cm. — (Universitext)
Includes bibliographical references and index.
ISBN 978-0-387-94780-8  ISBN 978-1-4419-8732-7 (eBook)
DOI 10.1007/978-1-4419-8732-7
1. Differentiable dynamical systems. 1. Title.
QAG614.8.H65 1996
51474 —dc20 96-14777

Printed on acid-free paper.

© 1996 Springer Science+Business Media New York

Originally published by Springer-Verlag New York, Inc.in 1996

All rights reserved. This work may not be translated or copied in whole or in part without the
written permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New
York, NY 10010, USA), except for brief excerpts in connection with reviews or scholarly analy-
sis. Use in connection with any form of information storage and retrieval, electronic adaptation,
computer software, or by similar or dissimilar methodology now known or hereafter developed is
forbidden.

The use of general descriptive names, trade names, trademarks, etc., in this publication, even if
the former are not especially identified, is not to be taken as a sign that such names, as under-
stood by the Trade Marks and Merchandise Marks Act, may accordingly be used freely by any-
one.

Production managed by Hal Henglein; manufacturing supervised by Joe Quatela.
Camera-ready copy prepared from the author’s AMS-LaTeX files.

987 65 4 3 2 (Corrected second printing, 2000)

ISBN 978-0-387-94780-8 SPIN 10772162



Contents

Preface
Rationale for the new edition . . . ... .. ... ... ..
Howtousethisbook. ... .. ... .. ... ........
Acknowledgments. . . . . . ... ... ... ... L.

List of Symbols

1. Introduction
1.1. Phase Portraits . . . . .. ... ... ... .. .. .....
Exercise Set 1. . . . . . . . . .. . .. ... ..

2. A Quick Look at Functions
Exercise Set 2. . . . . . . . . ... ...

3. The Topology of the Real Numbers
Exercise Set 3. .. .. ... ... .. ... ...

4. Periodic Points and Stable Sets
4.1. Graphical Analysis . . . . ... ... ... ... ......
Exercise Set 4 . . . . . . . . . .. .. ... .. ... ...

5. Sarkovskii’s Theorem
Exercise Set 5. . . . . . . ... . ... ..

6. Differentiability and Its Implications
Exercise Set 6 . . . . ... ... ... ... L.



xiv  Contents

7. Parametrized Families of Functions and Bifurcations

Exercise Set 7. . . . . . . .. ...

8. The Logistic Function Part I: Cantor Sets and Chaos

8.1.
8.2.
8.3.
8.4.

A First Look at the Logistic Function when r >4 . . . . .
Cantor Sets . . . . . . . ... ...
Chaos and the Dynamics of the Logistic Function . . . . .
A Few Additional Comments on Cantor Sets . . . . . ..
Exercise Set 8 . . . . . .. ...

9. The Logistic Function Part II: Topological Conjugacy

Exercise Set 9 . . . . . . .. ... ...

10. The Logistic Function Part III: A Period-Doubling
Cascade

Exercise Set 10 . . . . . . . . ... ...

11. The Logistic Function Part IV: Symbolic Dynamics

11.1.
11.2.

Symbolic Dynamics and Metric Spaces . . . . . ... ...
Symbolic Dynamics and the Logistic Function . . . . . . .
Exercise Set 11 . . . . . . . . .. .. ... ... .. ...,

12. Newton’s Method

12.1.
12.2.
12.3.

Newton’s Method for Quadratic Functions . . . . . . . ..
Newton’s Method for Cubic Functions . . . . .. ... ..
Intervals and Rates of Convergence . . . . . . .. ... ..
Exercise Set 12 . . . . . . . . ... ... ... ...

13. Numerical Solutions of Differential Equations

Exercise Set 13 . . . . . . . . ... ...

14. The Dynamics of Complex Functions

14.1.
14.2.
14.3.
14.4.
14.5.

The Complex Numbers . . . . . . ... ... ... .....
Complex Functions . . . . . . ... ... .. ... .....
The Dynamics of Complex Functions . . . . . .. ... ..
The Riemann Sphere . . . . . . . . .. ... ... . ....
Newton’s Method in the Complex Plane . . . . . . . . ..
Exercise Set 14 . . . . . . . . ... .

15. The Quadratic Family and the Mandelbrot Set

15.1.

Generating Julia and Mandelbrot Sets on a Computer . .
Exercise Set 15 . . . . . . . .. ...

Appendix. Mathematica Algorithms

Al

Iterating Functions . . . . . . . .. .. ... ... .. ..
Finding the Value of a Point Under Iteration . . ... ..
Tables of Iterates . . . . . . . ... ... ... ... ... .



Contents XV

Controlling the Precision of the Computations . . . . . . 205

Graphing Iterated Functions . . . . . .. .. ... ... .. 206

A.2. Graphical Analysis . . . . . ... ... ........... 206

A 3. Bifurcation Diagrams . . . ... ... ........... 208

A4 JuliaSets . . ... ... ... ... 209

A.5. The Mandelbrot Set . . . . .. ... ... ... ...... 211

A.6. Stable Sets of Newton’s Method . . .. .. ... ... .. 212
References 215
Dynamical Systems . . . . . . .. ... ... ... 215

General Interest Books on Dynamics . . . . . .. ... .. 217

Topics in Mathematics . . . . . ... .. ... ... .... 218
Computer Programs and Algorithms . . . ... ... ... 219

Index 221



